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Abstract

In tensor-triangulated geometry, the Nerves of Steel conjecture relates the Balmer spectrum of a tensor-triangulated
category with its homological spectrum counterpart. Evidence leaning towards this conjecture dates back to the nilpotence
theorem due to Devinatz-Hopkins-Smith. I will talk about the recent work of Barthel-Hyslop-Ramzi that constructed a
counterexample of this conjecture using free constructions in higher Zariski geometry.

Throughout, a tt-category (tensor-triangulated category) means an idempotent-complete rigid symmetric monoidal
stable 8-category C . “Rigid” means every compact object is dualizable.

1 Review of tt-geometry

Definition 1. A prime (thick tensor) ideal P Ĺ C is a proper thick b-ideal such that X b Y P P implies X P P or
Y P P .

The Balmer spectrum is
SpcpC q “ t prime ideals P Ď C u,

topologized so that supppXq “ tP | X R Pu is closed for any object X P C .

Example 2 (Neeman-Thomason). SpcpPerfpXqq – X for a qcqs scheme X .

The Balmer spectrum parallels the Zariski spectrum not only by construction; it is also equipped with natural maps.
Alongside SpcpC q, Balmer constructs the homological spectrum SpchpC q in parallel, c.f., [Bal20b].

Definition 3. Let C be a (big) tt-category. We define modpC q to be the full subcategory of the 1-category of additive
presheaves ModpC q “ Fun‘

pC op,Abq generated by cokernels ofよpxq Ñよpyq for x, y P C . This is a Grothendieck
abelian category that inherits a symmetric monoidal structure through Day convolution, such that the restriction to the
Yoneda embeddingよ : C Ñ ModpC q is symmetric monoidal, taking x P C toよpxq “ Homp´, xq. In this sense, we
think of modpC q as given by finitely-presented modules.

The homological spectrum of a tt-category C is the set SpchpC q of maximal Serre b-ideals in modpC q. This is
originally defined so that we may define a notion of residue fields on tt-categories, in which case is the quotient, which is
an abelian category. To each point x P SpchpC q, we have an associated functor

hx : C
よ

ÝÑ ModpC q ↠ ModpC q{Locpxq

Note that this functor lands in mod.
Again, this can be topologized so that supphpxq “ tm P SpchpC q :よpxq R mu is closed for any x P C .

Theorem 4 ([Bal20b]). There is a natural surjection

ϕ : SpchpC q ↠ SpcpC q,

that preserves the support, and is given by the preimage of the Yoneda embedding. Moreover, every homological prime in
SpchpC q is detected by an abelian residue field.
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Note that it is unclear what a residue field on the Balmer spectrum should look like as of now, so interpreting the
result above as relating the homological spectrum with the Balmer spectrum, the abelian residue field in the homological
spectrum becomes a crucial substitute that can be traced back to the primes.

Remark. The definition above can be generalized to any (essentially small) symmetric monoidal stable 8-category. In that
case, the natural map still exists, but it is not necessarily a surjection.

Conjecture 5 ([Bal20b], Nerves of Steel). For any (rigid) tt-category C , the comparison map

ϕ : SpchpC q ↠ SpcpC q

is a bijection, hence a homeomorphism.

The conjecture is known in all computed examples and enjoys strong permanence properties (descent, etc.), e.g., see
discussion before [BHR26, Theorem A].

Definition 6. Let C be a tt-category.

1. We say a map f : X Ñ Y in C is b-nilpotent if there exists some n ě 0 with fbn » 0.

2. We say C is local if for all objects X,Y P C , X b Y » 0 implies X » 0 or Y » 0.

Remark. Equivalently, 0 is a prime ideal in C , or that SpcpC q has a unique closed point. One should think of the
locality condition like Nakayama’s lemma.

Lemma 7 ([Bal20b], Theorem 1.1). If f : x Ñ y is a map in C with hppfq “ 0 for all p P SpchpC q, then f is b-nilpotent.

We want to think of SpchpC q as the universal space for detecting nilpotence in C . In the presence of the surjection
above, we hope ϕ would witness a correspondence between nilpotence theorems and thick ideal theorems.

The first ever computation that supports this conjecture would be from Nilpotence theorem due to Devinatz-Hopkins-
Smith. This motivates [Bal20b, Theorem 5.6] as a criterion for bijectivity.

Example 8. Let SH be the stable homotopy category and K “ SHc the stable homotopy category of finite spectra. Then
ϕ : SpchpKq Ñ SpcpKq is a bijection.

The Balmer spectrum consists of points P pp, nq for each prime number p and each chromatic height 1 ď n ď 8,
with the collision P p0q :“ P pp, 0q “ SHtor for all p. This prime P p0q is the kernel of rational homology HQ b ´ :
SHc

Ñ DbpQq – Q -Mod˚. The other primes P pp, nq for n ě 1 are given as the kernels of Morava K-theory Kpp, nq˚,
which are homological functors

Kpp, nq˚ : SH Ñ Fprv˘1
n s -GrMod

for 1 ď n ă 8 with vn of degree 2ppn ´ 1q, and Kpp,8q˚ : SH Ñ Fp -GrMod is mod-p homology HZ{p.
In this case, the homological primes corresponds to the kernels of the homological functors above, because the family

of homological functors above detect nilpotence: if the image of a map f is zero via all functors, then f is b-nilpotent,
c.f., Lemma 7.

Our main tools for proving the counterexample will be based on [Hys25]. since our categories are rigid, argument of a
morphism a Ñ b often times boil down to a map of the form 1 Ñ x. This motivates the following conditions.

Definition 9. A local tt-category C satisfies the exact-nilpotence condition if for every fiber sequence

Y
g

ÝÑ 1
f

ÝÑ X,

there exists 0 ‰ Z P C such that either Z b f or Z b g is b-nilpotent.

Theorem 10 ([Bal20a], Theorem A.1; [Hys25], Theorem 1.6). The Nerves of Steel Conjecture holds if and only if the exact-
nilpotence condition holds for every local tt-category C .
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Proof Idea. Consider the pullback diagram

SpchpC {Pq SpchpC q

SpcpC {Pq SpcpC q

we note that it suffices to prove the local case. Let p be a homological prime over p0q. The Nerves of Steel conjecture shows
that p is unique in this sense. In the local case, this corresponds to having a unique choice of Z as above by Lemma 7.

The standard proof requires understanding [Bal20a, Theorem A.1], which reduces the conjecture to the following
statement: in any local tt-category, for all morphisms f : 1 Ñ X and g : 1 Ñ Y with f b g » 0, there exists z ‰ 0 such
that z b f or z b g is b-nilpotent.

Remark. In particular, for a local tt-category, the proof above suggests that the Nerves of Steel holds if and only if the
exact-nilpotence condition is satisfied.

The exact-nilpotence condition is known for a large family of local tt-categories, c.f., [Hys25, Theorem 3.15]. The class
is also closed under filtered colimits with local transition maps, c.f., [Hys25, Theorem 3.14].

2 Free Constructions in 2-Rings

Before the rigid case, it is instructive to see how the exact-nilpotence condition can fail without rigidity. This is studied in
[Hys25, Section 2]: since the symmetric monoidal stable 8-categories we work with are essentially small and idempotent
complete (as tt-categories usually are), we have an identification of the 8-category of symmetric monoidal stable 8-
categories with the category 2 -Ring “ CAlgpCat

perf
8 q, which is the same as 2CAlg in [ABC`25].

Construction. Suppose Ob is an (essentially small) 8-operatd and let C be a symmetric monoidal stable 8-category
C . The goal of a free construction is to get a universal symmetric monoidal stable 8-category C rOs with a symmetric
monoidal exact functor from C , such that for any C -algebra D P 2 -RingC {, there is an equivalence of 8-categories

Fun2 -RingC{
pC rOs,Dq » AlgOpDq

between symmetric monoidal exact C -linear functors C rOs Ñ D and O-algebra objects in D .
Note that a pointed object 1 Ñ x in C can be viewed as algebra objects over the 8-operad Poib » Eb

0 . The under-
lying 8-category is a wide subcategory of Fin˚. The takeaway, being, its monoidal envelope EnvpE0q can be identified
with the category Fininj of finite sets and injective maps between them.

Lemma 11 ([Hys25], Lemma 2.1). The free symmetric monoidal category on an objectX isFin» of finite sets with bijective
maps, and the free symmetric monoidal category on an object X equipped with a map 1 Ñ X is Fininj of finite sets with
injective maps, and the induced map sending X to X is the canonical inclusion Fin»

Ñ Fininj.

We need to first check out the free construction in tt-geometry, dropping the rigidiy assumptions for now. We will
see that the construction is analogous, but far more complicated in that case. For now, note that there is an adjunction
Ind : Cat

perf
8 Õ PrLst : p´qω , which gives an equivalence Cat

perf
8 – PrL,ω

st , therefore we get an equivalence between
2 -Ring and CAlgpPrL,ω

st q. We see that the following is the natural free construction.

Construction ([Hys25], Lemma 2.2). The free symmetric monoidal stable 8-category over C with an O-algebra is the
presheaf category FunpEnvpOqop, IndpC qqω with Day convolution.

Definition 12. The free idempotent-complete symmetric monoidal stable 8-category over such an (idempotent-complete
symmetric monoidal stable) 8-category T is the category

FunppFininj
qop, IndpT qqω

of compact objects in FunppFininj
qop, IndpT qq, equipped with the Day convolution tensor product.

With this in mind, given a small symmetric monoidal 8-category C , we define
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• the non-rigid affine line C rXs :“ FunppFin»
qop, IndpC qqω is the free symmetric monoidal stable 8-category on

an object X .

• the free pointed object C rPois :“ FunppFininjqop, IndpC qqω is the free symmetric monoidal stable 8-category
on a pointed object 1 Ñ X for X P C . Equivalently, this is the free (non-rigid) commutative 2-ring on a pointed
object.

Theorem 13 ([Hys25], Theorem 2.5). If C is local, then C rPois is local but the exact-nilpotence condition fails.

Proof sketch. The natural map gives a restriction functor Res: C rPois Ñ C rXs. This is the right adjoint of a symmetric
monoidal functor which classifies the free object of C rPois, so it is lax symmetric monoidal, and in this case upgrades to
a monoidal functor.

By [Hys25, Proposition 2.6], C rXs is local: this requires understanding

C rXs –
ž

ně0

FunpBΣn, IndpC qqω,

as we can check levelwise and unpack the Day convolution. Since Res is faithful on objects, C rPois is local as well.
Given a family of compact generators tciuiPI of C , we get a family of compact generators tよrns b ciuiPI,nPN. In

particular, properties of C rPois can just be checked on these test objects.
Note thatよr0s Ñよr1s in C rPois restricts to a split map in C rXs via this restriction as Respよr0sq “よr0s “ 1

and Respよr1sq “ よr0s ‘よr1s, so the free map 1 Ñ よpr1sq cannot be b-nilpotent after nonzero tensor. Taking the
involution C oprPois » C rPoisop, the fiber of 1 Ñよpr1sq also cannot be b-nilpotent after nonzero tensor.

This does not disprove the conjecture, since C rPois is not rigid. In the rigid case, the analogous free construction is
far more complicated.

Before doing anything, we claim that understanding the rigid counterpart of these free constructions should solve
our problem. Indeed, if the conjecture holds for such a category C , then for any local tt-category D with a testing fiber
sequence YD Ñ 1D Ñ XD , there is an exact b-functor F : C Ñ D sending the universal pointed object 1C Ñ X to
1D Ñ X . Because D is local, then kerpF q is a prime ideal, and thus 1D Ñ XD factors over C { kerpF q. If the Nerves
of Steel holds for C , then the exact-nilpotence condition holds for C { kerpF q, thus there is some 0 ‰ Z P C { kerpF q as
assumed, so that F pZq P D has the exact-nilpotence condition.

The first step, therefore has to be describing what the universal category is. The toy rigid analogue is the following:

Definition 14 (Cobordism Hypothesis, Lurie-Harpaz). The free rigid symmetric monoidal 8-category on an object is the
1-dimensional oriented cobordism category Cob “ Cob1d,or, with

• objects: oriented closed 0-manifolds (finite sets of signed points ˘);

• morphisms from M to N : compact oriented 1-manifolds W with BW – M \ N .

This is equipped with a Day convolution structure. Denote by Xi,j :“ Xbi b X_,bj the generators, where X “ ` is
the universal dualizable object.

Note that this is not the right universal model, as we would need to include more bordisms to show its pointed nature.

Proposition 15 (Key structural facts about Cob). For natural numbers i, j, r, s:

1. HomCobpXi,j , Xr,sq “ ∅ unless i ´ j “ r ´ s (orientation conservation);

2. HomCobpXi,j , Xr,sq is free as a module over HomCobp1,1q » FreeE8
pBS1q on the set of simply-connected

cobordisms.

Working rationally (over DpQq), we simplify to the following.

Notation. The (rational) affine line is
A1 :“ FunpCobop,DpQqqω,

with Day convolution monoidal structure. This is the free rational rigid 2-ring on an object. Generators are denoted Xi,j

via the Yoneda embeddingよ : Cob Ñ A1, then it is generated under finite colimits, desuspensions and retracts by images
ofよ.
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Remark. This is also the free rigid stably symmetric monoidal 8-category over DbpQq on an object. To get the description
above, one just needs to follow the free 2-ring functor constructed in [ABC`25, Construction 2.7, Definition 2.11]. In that
setting, this is exactly the affine line of higher zariski geometry.

Lemma 16. The graded endomorphism ring of the unit satisfies:

π˚p1A1q – Qrt0, t1, t2, . . .s, |ti| “ 2i.

In particular, SpcpA1q is large: it surjects onto SpechpQrt, t1, t2, . . .sq.

Notation. Let A1
η be the localization/stalk of A1 at “the generic point”: the quotient of A1 by the thick b-ideal generated

by cofibpa : Σi
1 Ñ 1q for all nonzero homogeneous a P πip1A1q.

Lemma 17 ([BHR26], Lemma 4.1). There is an isomorphism of graded rings:

π˚ EndA1pXi,jq – π˚p1A1q bπ0p1A1 q EndReppGLtqpXi,jq,

where ReppGLtq is Deligne’s interpolation category. At the generic point:

π0 EndA1
η
pXi,jq – Bi,jptq,

the walled Brauer algebra with parameter t over the field Qptq.

Theorem 18 ([BHR26], Theorem 4.6). A1
η is semisimple with simple unit. In particular, A1

η is a tt-field1, and SpcpA1
ηq “ ˚

is a single point.

Proof sketch. A1
η is generated by Xi,j . By semisimplicity of Bi,jptq, c.f., [BHR26, Theorem A.2], and periodicity, every

object of hopA1
ηq has a semisimple endomorphism ring. Any map between objects with semisimple endomorphism rings

is isomorphic to id ‘ 0, so the subcategory of such objects is closed under (co)fibers. Hence A1
η itself is semisimple.

3 The Disproof

Notation. Let Cob` denote the free rigid symmetric monoidal 8-category on a pointed dualizable object 1 Ñ X . More
rigorously, this is allowing half-open intervals∅ Ñ ` with positive orientation on the endpoint in the cobordism category.
The category Cob` is more intricate than Cob: objects of Cob` include cobordisms that “remember” the basepoint, and
the pointing introduces extra morphisms (“arcs from/to the basepoint”). In particular, it is the pushout of

Fin» Cob

Fininj Cob`

The free rational rigid 2-ring on a pointed object is:

A1,` :“ FunppCob`
qop,DpQqqω.

There is a canonical functor can: A1,` Ñ A1 taking the universal pointing 1 f
ÝÑ X to the zero map 1 0

ÝÑ X in A1.

Remark. Note that this category is not local; nevertheless, if we can understand its localization, we would be able to
produce a counterexample of the conjecture.

Let A1,`
η be the localization of A1,` at the generic point (same construction as for A1

η), then the canonical functor
above induces an equivalence on endomorphism rings of the unit, and so we may invert all endomorphisms of the unit and
get an induced functor of 2-rings, denoted canη : A1,`

η Ñ A1
η .

1That is, every object is a coproduct of compact objects and such that tensoring with any object is faithful. A tt-field F must have a minimal
spectrum: SpcpF cq “ ˚. In other words, every non-zero object generates the whole category. This matches the intuition that a field should be very
small.
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Remark. The Balmer spectra of A1 and A1,` are both very large (not local). To study the exact-nilpotence condition, we
must pass to localizations: the universal candidates are A1,`

η {P for P P SpcpA1,`q.

Lemma 19 ([BHR26], Lemma 5.6). In A1,`
η , the hom spectrum HomA1,`

η
pXi,j , Xr,sq is nonzero only when r´s ě i´j.

Moreover, if r ´ s “ i ´ j, the map induced by canη ,

HomA1,`
η

pXi,j , Xr,sq
„

ÝÑ HomA1
η
pXi,j , Xr,sq,

is an equivalence.

Proof. The hom spectra are base-changes of Q-homologies of mapping spaces in Cob`. In Cob`, a cobordism from Xi,j

to Xr,s must send the marked point to something, and an orientation count forces r ´ s ě i ´ j. When r ´ s “ i ´ j,
canη has a section (the canonical section A1 Ñ A1,` sending X ÞÑ X forgetting the pointing), and one checks this
section is an equivalence on these hom pieces.

This lemma provides a canonical grading on A1,`
η by the “degree” i´ j, with Xi,j in degree i´ j ě 0. The map canη

is an equivalence on the degree-0 piece (the “flat” part).

Theorem 20 ([BHR26], Proposition 5.1). The functor canη : A1,`
η Ñ A1

η is conservative.

Proof Idea. By the Schwede–Shipley theorem, it suffices to show that base-change along

EndA1,`
η

´

à

i`jďn

Xi,j
¯

ÝÑ EndA1
η

´

à

i`jďn

Xi,j
¯

is conservative for each n, and then pass to the colimit. This is equivalent to checking the increasing union of the thick
subcategories generated Xi,j for i ` j ď n and taking n Ñ 8, getting the colimit A1,`

η .

Corollary 21 ([BHR26], Corollary 5.2). The universal test 2-ring A1,`
η is local.

Proof. By Theorem 18, A1
η is local. Any category admitting a conservative symmetric monoidal functor to a local category

is itself local.

Construction. There is an 2-ring involution and autoequivalence ι : A1,` „
ÝÑ A1,` induced at the level of cobordism

categories by the symmetry that reverses orientation and swaps evaluation/coevaluation. Concretely, ι sends the universal
pointing f : 1 Ñ X to (a shift of) g_ : 1 Ñ Y _, where g “ fibpfq. This is unique up to a contractible space of choices.

This involution descends to A1,`
η and will allow us to assume that g is the relevant map in the proof below.

Theorem 22 ([BHR26], Theorem 5.7). The category A1,`
η is local, and the exact-nilpotence condition fails for A1,`

η ,
witnessed by the universal fiber sequence

Y
g

ÝÑ 1
f

ÝÑ X.

In particular, ϕ : SpchpA1,`
η q ↠ SpcpA1,`

η q is not injective, and the Nerves of Steel Conjecture is false.

Proof. Locality was established above. Suppose for contradiction that there exists 0 ‰ z P A1,`
η such that either z b f or

zbg is b-nilpotent. Applying the involution ι if necessary, we may assume zbg is b-nilpotent (since ι swaps f and g up to
duality, and b-nilpotence is preserved by symmetric monoidal functors and duality). Since canη is symmetric monoidal, we
know canηpzqbcanηpgq is b-nilpotent inA1

η . As can sends the universal pointing f : 1 Ñ X to the zero map 1 0
ÝÑ X in

A1, then canηpgq “ fibp1
0

ÝÑ Xq, which is fibp1
0

ÝÑ Xq » ΩX ‘1 in A1
η . The map g “ pfibp1 Ñ Xq Ñ 1q becomes

the projection ΩX ‘ 1 Ñ 1, which is split surjective. Since canηpzq ‰ 0 (conservativity of canη shows that it reflects
zero objects, but z ‰ 0), and canηpgq is split surjective, canηpzq b canηpgq is also split surjective to target canηpzq ‰ 0.
But like in Theorem 13, split surjection can only be b-nilpotent if the target is zero, we have a contradiction.
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