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We already know that flat morphisms preserve exactness, which is very helpful when we study algebraic ge-
ometry. For instance, for 7 : X — Y, we obtain a functor 7* : QCoh(Y) — QCoh(X). Note that this functor
is not exact in general. However, if 7 is flat, we recover exactness! For instance, in the affine case, we have a map
Spec(B) — Spec(A), then the pullback is exactly the tensor functor — ® 4 B : A-mod — B-mod. Therefore,
the action of flat morphism is really described by the pullback geometrically, which is a generalized version of
restriction, while respecting the sheaf conditions.

Definition 1. Let f : A — B be a morphism of schemes. We say f is
* a fpqc morphism if f faithfully flat and quasi-compact;

¢ a fppf morphism if f is faithfully flat and locally of finite presentation. In particular, a fppf morphism is

open.

1 DESCENT ON QUASI-COHERENT SHEAVES

Let g : S — S be a {[pqc morphism, and define S” = S’ xg S’. Fori = 1,2, we denote p; : S” — S’ to be
projections. For 1 <14 < j < 3, we denote p;; : " xg 5" xg 5" — S” to be the projection on the (¢, j)-factor.

Definition 2. Let .# be a quasi-coherent sheaf on S”. An isomorphism o : pf.# — pi.Z that satishies the cocycle

condition p¥5(c) = pi;(0) o p¥y(o) is called a descent datum.

Remark. For 1 < i < 3, denote m; : S' x5 5" xg 8" — S’ to be the projection to the ith factor. For the
definition to make sense, we need to identify p¥5 (o), pis(0), p¥y (o) with morphisms 7§ # — 75 F, 13 F — 75 F,

i F — wiF, respectively, through the canonical natural transformations

P OPY =T, piy 0P = Ty

One can ask a fundamental question, namely the Descent Problem, which is answered via Theorem 5: given
g: S — S, andlet F and G be quasi-coherent sheaves over S with ¢ : F — G. We have data of a homomorphism
¢ g*F — g*G, then when is ¢’ = g*p? We note that g o p; = gops : §” — 5, s0 a necessary condition would
be p¥¢’ = piy’. However, part a. of Theorem 5 gives a sufficient condition: if ¢’ descends, then it descends
uniquely.

Part b. of Theorem 5 establish the existence of descent data, as well as the morphism between descent data.
The descent of morphisms says that given two sets of descent data, with respective objects on the base, then giving
a morphism on those objects is the same as giving a morphism on the cover with compatibility satisfied, i.e.,
covering data. Therefore, if we are given an object on a Zariski cover, along with a gluing morphism satisfying

cocycle conditions, then the descent determines an (unique up to unique isomorphism) object downstairs.
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Descent theory is crucial because it can be extended from Zariski topology to étale topology and smooth
topology, which in turn are required for stacks. Of course, this requires more formalism, in particular one should
construct the descent category.

Let C be asite, and let F be a fibered category over C, i.e., a presheaf of categories over C. LetU = {a; : U; —
U} be a covering on C, then one can extend the notion of descent to this cover, where descent data become the

gluing condition on the covering, c.f., [02Z.C].

Definition 8. A descent data of F is a collection of pair (X;, 0;;) with respect to the covering U, where X; € F(U;)
and o;; : pf(X;) — pi(X,) in F(U; xy Uj) are isomorphisms satisfying the cocycle condition pfs(o13) =
Pia5(023) 0 pFy(012). This gives a category of descent data of F with respect to the covering U.

For each X € U, we can construct a descent data over U of F, where objects are (af X, 0;;) for oy : pFaf X =

pyarX.

Remark. Given a fpqc covering by a map, we can refine it into a covering by fpqc maps from a Zariski covering.
First note that given Zariski descent (with respect to a Zariski covering) and descent along faithfully flat maps of
afline schemes, we obtain a descent along fpqc morphisms, c.f., Conrad’s handout, page 1. Now by Zariski descent
and descent along fpqc morphisms, we obtain a fpqc descent (with respect to a fpqc covering), c.f., [Vis04], step
4 of Lemma 2.60. That is, if we start with a morphism f : S” — S where S’ is fpqc and S is affine, then one can
construct fpgc morphisms f; : S; — S as restrictions on some subschemes S; of S’. By descent along those fpqc

morphisms and the Zariski descent on target, we obtain fpqc descent on the given fpqc covering.

Remark. To compare the coverings, we have

fpqc weak

fppf )
smooth  covering

étale !
Zariski  strong

Also c.f., Johan’s post and [08NV].

Example 4. Let X = | J X; be an open cover, and define Y = [ [ X; to be the disjoint union of this cover, hence
there is a defined surjective morphism p : Y — X. Now consider an arbitrary function f on X, we are looking for
functions f’ of Y so that they “descend” to f on X. That is, given f on X, when pulling back via the surjection
p, we obtain them so that they are “isomorphic” to f/ on Y, i.e., when restricting on the covering via pullback we
get the same thing. However, for this to work, we need to study the gluing condition on the covering, in particular
the subset of the form Y X x Y, where the intersection can be interpreted as subsets of different parts of the
disjoint union. Therefore, a descent asks for uniqueness/recoverability of gluing along the pullback (as a notion

of restriction). This can be further generalized to vector bundles.
Theorem 5.

a. Let .F (respectively, ) be a quasi-coherent &s-module, and let %’ and .%” (respectively, 4’ and 4") be

its inverse images on S’ and S”. Then

* p¥
Hom, (7,9) —— Home,, (#',9') == Homg,, (F",9")
22

is exact.


https://stacks.math.columbia.edu/tag/02ZC
https://math.stanford.edu/~conrad/216APage/handouts/fpqc.pdf
https://www.math.columbia.edu/~dejong/wordpress/?p=1297
https://stacks.math.columbia.edu/tag/03NV
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Remark. That is, g* is injective and im(g*) = {z € Home,, (#',9’) : pf(x) = p5(x)}. Unpacking this,
suppose v’ € Homg,, (F',%4") satisfies p} (u) = p3(u), then there exists a unique u € Homg (F,9) such
that g*u = .

b. Suppose .#’ is a quasi-coherent sheaf on S’ such that there exists a descent datum o, then there exists a

quasi-coherent &s-module .# and an isomorphism 7 : g*.% =~ .%’ such that the diagram

o piT % gr!
pig*F —— piF

=| =]

P5g*F —— p3F’
Py T

commutes. Moreover, such .% is unique up to unique isomorphism.

Proof. Using the quasi-compact property, one can reduce the statement to affine case, i.e., S = Spec(A), S’ =

Spec(A’), where A’ is a faithfully flat A-algebra.

a. Since .% and ¢ are sheaves associated to A-modules M and N, respectively, then this is a purely homo-
logical algebra statement. This shows that when objects are pullbacks from the base, we have descent for

morphisms.

b. Suppose such .7 exists, then its universality comes from the universal property of the kernel/equalizer in
part a. when reduced to commutative algebra. The existence is also a homological algebra statement. The

key is that every descent datum determines a unique object on the base.

Therefore, if we get an arbitrary pair of descent data where each admits a solution, then we have descents for the

morphisms, and the solution to any descent is now unique up to unique isomorphism. O

Example 6. Part b of Theorem 5 fails if the covering map g is only faithfully flat, but neither fppf nor fpqc. For
instance, take g : [ [ Spec(Z,) — Spec(Z).
P

Remark. For affine schemes, the descent for morphism holds, i.e., recover descent from pullback, is just the sheaf
condition for Hom(—, X) over a fpqc (or [ppf) cover, which is automatically true for schemes X. Therefore,
descents are just generalizations of sheaf conditions. Moreover, the descent conditions are just notions that are

local in the fpqc topology. See also [02Y]].

Lemma 7. Let g : S — S be a fpqc morphism, and suppose .% is a quasi-coherent &s-module, then g*.% is

locally of finite type (respectively, locally of finite presentation/locally free of finite rank) if and only if .% is.
Proof.
(«=): this is a standard fact.

(=): again, these are local properties so one can reduce the statement down to the affine case, i.e., set S =
Spec(A), S’ = Spec(A’), where A’ is a faithfully flat A-algebra.

The locally of finite type property of schemes transform into the finitely-generated property of modules

over rings. Let M be an arbitrary A-module, then we can write M = lim M where each M} is a finitely-
A

generated A-submodule of M, therefore M ®4 A’ = lim My ®a A’. Now M ®4 A’ is an A’-module,

A
therefore it is finitely-generated. In particular, there exists some A such that M) ®4 A’ > M ®4 A’ is


https://stacks.math.columbia.edu/tag/02YJ
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surjective. Since A’ is faithfully flat over A, then M, — M is surjective and therefore M, = M. Therefore,

M is finitely-generated as an A-module.

The locally of finite presentation property of schemes transform into the finite presentation property of
modules over rings. Again, let M be an arbitrary A-module, then M ® 4 A’ has finite presentation as A’-

module, therefore M is finitely-generated as an A-module. There now exists a short exact sequence

0 R L M 0

where L is a free A-module of finite rank. Since A’ is faithfully flat over A, then we have another short exact
sequence
0 — RQUA — s LA —s MR@UA —— 0

But M® 4 A’ has finite presentation, therefore R® 4 A’ is finitely-generated as A’-module, and therefore R is

finitely-generated as A-module, i.e., quotient of some free A-module. Therefore, M has finite presentation.

We omit the proof for local freeness.
O

2  DESCENT ON PROPERTIES OF MORPHISMS

The construction above gives a prototype for descents as a category, especially concerned with sheaves. We can

also study the effect of descent on properties of morphisms, i.e., when is a property of morphism fpqc-local?
Definition 8. Let f : X — S be a morphism of schemes.

* We say f is surjective (respectively, injective) if it is surjective (respectively, injective) on the underlying

topological space.

» We say f is universally injective il for any morphism S’ — S of schemes, the base-change f': X x g5’ — 5’

of f is injective.

» Wessay f is radiciel if f is injective, and for any x € X, the residue field k(z) of X at z is a purely inseparable
algebraic extension of the residue field k(f(z)) of Y at f(x).

Theorem 9. Let f: X — S be a morphism of schemes, then the following are equivalent:

1. for any algebraically closed field K, the map X (K) — S(K) induced by f is injective. Here X(K) =
Hom(Spec(K), X) and S(K) = Hom(Spec(K), S) are the K-points in X and in S, respectively;

2. f is universally injective;
3. fisradiciel;
4. the diagonal morphism A : X — X xg X is surjective.
Remark. This is not true for general algebraic spaces, c.f., [0480].
Proof Sketch. We briefly cover why being universally injective is equivalent to the other three conditions.

1. and 2. Note that every point in an S-scheme can be embedded in an algebraically closed field, so we just have to

check the injection over there.


https://stacks.math.columbia.edu/tag/0480
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3. and 2. To have non-zero separability degree is just saying when we base-change to some algebraic closure, for
any point z we get [k(z) : k(f(z))]sp new points in the fiber. We need to avoid this, i.e., having purely

inseparable extensions, to obtain an injection.

4. and 2. Recall that injection of sets is equivalent to surjection of diagonal map. Even though we are working over

base-change, we expect the surjectivity of the diagonal scheme map to be “insensitive”to base-change.

Corollary 10. A universally injective morphism of schemes X — S is separated.

Proof. Recall that X — S is separated if and only if the image of A is closed in X x g X, then we conclude by
Theorem 9. O

There are other properties described in [01S2]. The following remark describes some intuition developed

from this blog post.

Remark (Why Radiciel?). Roughly speaking, a morphism of schemes f : X — S is étale if it is locally of
finite presentation (finiteness), and is both flat (functoriality) and unramified (geometric). The slogan being, étale
morphisms are “locally isomorphisms” (in étale topology, where they are regarded as generalization of open sets.

First note that giving an open embedding j : U < X is the same as giving the image j(U) € X. Therefore,

open embeddings are determined by set-theoretic properties. To be precise, we have

Theorem 11. Let f : X — S be a morphism locally of finite presentation, then f is an open embedding if and
only if for any g : Y — S such that g(Y) € f(X), there exists a unique S-morphism ¢’ : ¥ — X such that
f9 =g

Hence, it is nice to see that open embeddings, “the nice maps”, are étale. Radiciel morphisms then resolve the

question of when étale morphisms are open embeddings: if and only if they are radiciel.

Theorem 12. Consider a pullback square

X xS —2 4 X

, s

SN —F— S
where g is surjective. Then
a. f is surjective if and only if f’ is;
b. if f’ is injective, then so is f;
c. [ is universally injective if and only if f’ is;
d. if, in addition, that g is quasi-compact, then f is quasi-compact if and only if f’ is.

Proof. For any s’ € S, we have f'~(s') = f1(g(s")) ®r(g(s)) k(s'). Recall that the projection f'~!(s") —
F71(g(s")) is surjective, and k(s’) is faithfully flat over k(g(s")). Therefore, we know f~1(s’) # @ if and only if
f~1(g(s")) # @. Since g is surjective, this proves a. If f’ is injective, then f~1(s) is at most a singleton, therefore

f~1(g(s")) is at most a singleton, so f is injective, which proves b. c. now follows from b. Finally, we prove d.


https://stacks.math.columbia.edu/tag/01S2
https://ayoucis.wordpress.com/2015/03/31/morphisms-of-a-set-theoretic-nature/
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Suppose f is quasi-compact, and let V' € S’ be an afline open subset such that g(V’) is contained in an affine
n

open subset V of S. Let us write f/~1(V') = | J U; foraffine open subsets U; < X, then f'=*(V') = |J (V' xy Uj;)
i=1 =1
is a finite union of affine open subsets of X x g .5’.

Suppose f’ is quasi-compact, and let V' < S be a quasi-compact open subset. Since g is surjective, then
V = g(g=1(V)), therefore f~1(V) = f~1(g(g71(V))) = ¢'(f'~Lg~1(V)). Since g and f’ are both quasi-compact,
then f'~(g=1(V)) is quasi-compact, hence f=*(V) = ¢'(f'~"tg=1(V)) is quasi-compact, therefore f is quasi-

compact. O

Theorem 13. Consider a pullback square

X xS —4 % x

7| ls

SN —— S
where g is fpqc, then f is of finite type if and only if f” is.
Proof. This uses the same idea as in Lemma 7. O

Corollary 14. Consider a pullback square

X xS —2 X

il Is

S —5— S
where g is fpqc, then f is of quasi-finite if and only if f is.

Lemma 15. Let g : Y’ — Y be flat and let Z = Y be a subset. Assume there exists a quasi-compact morphism
f:X — Ysuchthat Z = f(X), then g~ '(Z) = g~ 1(2).

Corollary 16. Let g : Y/ — Y be quasi-compact and flat, and let Z’ be a closed subset of Y’ such that Z’ =

g Yg(Z")), then Z' = g=Y(g(Z’)). Moreover, the subspace topology on g(Y”) induced from Y coincides with
the quotient topology induced from Y”.

Proof. The first statement follows from Lemma 15. To prove the second statement, since g : Y/ — Y is
continuous, then every subset of g(Y”) that is closed with respect to the subspace topology induced from Y
is closed with respect to the quotient topology induced from Y’. Conversely, let Z < ¢(Y”’) be closed with
respect to the quotient topology induced from Y”, then g=1(Z’) is closed. By the first statement, we know
g HZ) = g (g9(971(2))) = g~ (Z). Therefore, Z = Z n g(Y"), i.e., Z is closed with respect to the topol-
ogy induced from Y. O

Corollary 17. Assume g : Y’ — Y is [pqc, then the topology on Y is the same as the quotient topology induced
from Y.

Corollary 18. Let g : S — S be a [pgc morphism, and denote S” = 5" xg S'. Let O(S),0(S5"),0(S”) be the
set of open subsets in .S, 57, S”, respectively, and F'(S), F(S’), F|(S”) be the set of closed subsets in S, S, S”, then

the sequences

0(S) —— 0(S") p:; O(S")
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and
F(8) — F(8') == F(S")
Py
are exact.

Corollary 19. Assume g : Y/ — Y be fpqc morphism. Let Z < Y be the image of a quasi-compact morphism,
then Z is locally closed if and only if g=1(Z) is.

Proof. Consider the pullback square
9NZ) — Z

|

Y’T>Y

where Z has a closed scheme structure. Note that g1 (Z) — Z is quasi-compact and faithfully flat. By Lemma 15,

we have g71(Z) = g=1(Z). If g71(Z) is locally closed, then by definition it is open in g~*(Z), now by Corollary 17
we know Z is open in Z, therefore Z is locally closed. O

Theorem 20. Consider a pullback square

X xS —4 X

T
S —5— S
where g is fpqc.

a. If f’is an open mapping (respectively, closed mapping/quasi-compact embedding/homeomorphism), then

sois f.
b. f is universally open (respectively, universally closed/universally a homeomorphism) if and only if f” is.
c. f is separated (respectively, proper) if and only if f/ is.
Proof.

a. If " is open or closed, this follows from Corollary 17. If f’is a quasi-compact embedding, then f is injective

and quasi-compact by Theorem 12. For any closed subset Z € X, we know by Lemma 15 that

9 (f(2) =971 (f(2)) = (g1 (2)).

Therefore,

Since ¢’ is surjective, then f~1(f(Z)) = Z. Finally, if f’ is a homeomorphism, then f is a surjective
embedding by Theorem 12.

b. By definition.
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c. If f is separated, then this follows from part a. Recall that f being proper is just being of finite type, separated,

and universally closed, so the statement follows from Theorem 13 and part a. and b.

O
Remark. Radiciel morphisms are stable under composition, products and base-change.
Lemma 21. Let f : S — S be a fpqc morphism, and let S” = S’ xg S’. For any scheme Z, the sequence
Hom(S, Z) —— Hom(S’,Z) —= Hom(S", Z)
is exact.
Proof. This is a consequence of Theorem 5 and Corollary 17. O

Corollary 22. Let f : S’ — S be a fpqc morphism and S” = 5’ x5 S’. Suppose X and Y are S-schemes, then
Homg(X,Y) —— Homg/ (X x5 5",Y xgS5") —= Homgv(X x5 5", Y x5 5")
is exact.

Proof. By Lemma 21, the sequences
Hom(X,Y) —— Hom(X x5, Y) —= Hom(X xg 5",Y)

and

Hom(X,S) —— Hom(X xg 5’,5) —= Hom(X xg5”,5)

are exact, therefore
Homg(X,Y) —— Homg(X xg 5, Y) —= Homg(X x5 5",Y)
is exact. This is the desired sequence. O

Corollary 28. Let f : X — Y be an S-morphism, and let /' : X’ — Y be the base-change of f, then f is an

isomorphism if and only if f’ is.

Proof. If f’ is an isomorphism, then the images of ¢’ in Homg/ (Y’, X') 3 Homg~ (Y xg 5", X xg S") are both
the inverse of the base-change f” : X x5 8” — Y xg58” of g, thus ¢’ lies in the kernel of Homg/ (Y', X') 3
Homg~ (Y x5S5”, X xg5"). By Corollary 22, there exists an S-morphism g : Y — X with base-change ¢’. Since
¢ f' = idxs and Homg (X, X) — Homg/ (X', X’) is injective, then gf = idx. Similarly, fg = idy, thus f is an

isomorphism. O

Corollary 24. Let f : X — Y be an S-morphism, and let f/ : X’ — Y” be the base-change of f, then f is a

closed (respectively, open/quasi-compact) immersion if and only if f’ is.

3 DESCENT ON SCHEMES

Let f : 8" — S be a fpqc morphism, S” = 5" x5 58, 5" = 5" xg 5" x S, with p1,ps : S — 5, p12,p13, Po3 :

S"” — S as projections.
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Definition 25. Let X’ be an S’-scheme. Any S”-isomorphism o : p¥ X’ =~ pZ X’ satisfying cocycle condition
Pis(0) = pis(0) o p¥,y (o) is called a descent datum for X', where p¥ X" is defined by the pullback

p;kX/ Xl
" !
S —— 8
Theorem 26. Let X’ be an affine S’-scheme with descent datum o : pf X’ = pZ X', then there exists an affine

S-scheme X and S’-isomorphism 7 : ¢* X =~ X’ such that the diagram

%% piT * v/
pig*X —— pi X

=| &

p3g*X —— s X’
Py T

commutes, where g* X = X xg.5’. Such X is unique up to unique isomorphism.

Proof. Let f' : X' — S’ be the structure morphism, and set &’ = f;Ox/, then &’ is a quasi-coherent Og/-
algebra, so by Theorem 5 we construct quasi-coherent &s-module 7. Set X = Spec(&/). All required properties

illustrated in Theorem 5 descend from quasi-coherent sheaves. O
Corollary 27. Let f : X — Y be an S-morphism and let f' : X’ — Y’ be the base-change of f, then f is affine
if and only if f” is.

Corollary 28. Let f : X — Y be an S-morphism and let ' : X’ — Y” be the base-change of f, then f is integral

(respectively, finite/finite and locally free) if and only if f” is.

Proposition 29. A morphism f : X — Y is quasi-finite if and only if it is quasi-compact, separated, and the

canonical Y -morphism X — Spec(fxOx) is an open immersion.

Corollary 30. Let f : X — Y be an S-morphism and let f' : X’ — Y’ be the base-change of f, then f is
quasi-affine if and only if f is.

Proof. 1f f' is quasi-affine, then f’ is quasi-compact and separated, therefore f is quasi-compact and separated.
The base-chnage of the canonical Y-morphism X — Spec(fyOx) can be identified with the canonical Y-

morphism X’ — Spec(f},€x), which is an open immersion. By Corollary 24, X — Spec(f.Ox) is an open

immersion, hence f is quasi-afline. O

Proposition 81. Let X’ be a quasi-affine S”-scheme with descent datum o : p¥ X’ =~ p5 X’, then there exists an

afline S-scheme X and S’-isomorphism 7 : g* X =~ X’ such that the diagram

% % L E—
pig*X —— piX

=| lo

p3g*X —— X’
Py T

commutes, where g¥* X = X xg.5’. Such X is unique up to unique isomorphism.

Proof. By Theorem 5, there exists a quasi-coherent Og-algebra o7 such that g*«/ =~ f; Ox/. By Corollary 18,
there exists an open immersion X < Spec(7) whose base-change is the open immersion X’ < Spec(f;Ox/),

then X has the required property. O
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4 PassaGe To LimiT

Finally, we establish results so that we can pass results on quasi-coherent algebras to the limit via a direct system.
Let Sy be the base scheme, I be a direct set, and consider a direct system (%, ¢»,,) where A\’s are quasi-
coherent Og, -algebras for X € I, and ¢y, : &\ — 2, are morphisms of Og,-algebras for A < p € I. Now set

o = lim o7\ and set ) : @/\ — & be canonical morphisms. Set S\ = Spec(#,) and S = Spec(), then they are
A
So-schemes. Set uy, : S, — Sy be the Sp-morphisms induced by ¢y, and uy : S — Sy be the Sp=morphisms

induced by ). Moreover, objects over Sy are denoted with subscript 0, and the corresponding object over S
(respectively, S) induced by base-change by the same symbol with subscript A (respectively, without subscript).
With this setting in mind, the passage to limit property says that, given an object over Sy, if its base-change to

S has property P, then its base-changes to Sy have property P for sufficiently large A.
Proposition 32.
a. S is the inverse limit of the inverse system (S, uy,,) in the category of schemes.

b. For any quasi-compact open subset U of S, there exists a quasi-compact open subset Uy < Sy for some A
such that u ' (Uy) = U.

¢. The underlying topological space of S is the inverse limit of the inverse system (S, uy,,) in the category of

topological spaces.
d. If Sy is quasi-compact and S = @, then Sy = @ for sufficiently large .
Remark. There are two situations we usually apply “passage to limit” to.
¢ Let Abe aring, and let {A,} be a direct system of A-subalgebras finitely-generated by Z, then A = lim A,.

A
Therefore, we can reduce problems over a base scheme S = Spec(A) to problems over Noetherian base

schemes Sy = Spec(4,).

» Let Sy be an affine scheme, and let z € Sy be a fixed point. Let {Sy} be the inverse system of affine open

neighborhoods of = in Sy, and let S = Spec(0Ts, ), then Og, , = h_l’I)lF(S,\, Os,). Therefore, we can
A

prove that if the base-change to Spec(&s, ) of an object over Sy has property P, then its base-change to a
neighborhood of x has property P as well.

Proposition 33. Suppose Sy is quasi-compact and quasi-separated.

a. Let X and Y be Sp-schemes such that Xg — Sy is quasi-compact and quasi-separated, and that Yy — Sy

is locally of finite presentation, then the canonical map

ﬁ_II)lHOHlSA (X)\, Y,\) - HOms(X, Y)
A

is a bijection.

b. Suppose X and Yy are Sy-schemes of finite presentation. If there is an S-isomorphism f : X — Y, then
for a sufficiently large A, there exists an Sy-isomorphism fy : X — Y).

c. Forany S-scheme X of finite presentation, there exists an S -scheme X, of finite presentation for a suffi-

ciently large A such that X =~ X, xg, S.

10
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Theorem 34. Let Sy be quasi-compact and quasi-separated. Let fy : Xg — Sy be a morphism of finite presen-
tation. If f is a morphism of property P, where P is one of the following, then for sufficiently large A, fy also has
property P.

¢ Open immersion
e Closed immersion
e Separated
 Finite

o Affine

¢ Surjective

» Radiciel

¢ Immersion

e Quasi-affine

e Quasi-finite

¢ Proper

Theorem 35 (Zariski Main Theorem). Let S be a Noetherian scheme, and let f : X — S be a separated quasi-

finite morphism, then there exists a finite morphism f : X — S and an open immersion j : X < X such that
f=1.
Remark. Theorem 35 holds if we only assume S is quasi-compact and quasi-separated.
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