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1 PROJECTIVE MODULES AND VECTOR BUNDLES

The basic objects studied in algebraic K—tlieory are projective modules over a ring and vector bundles over schemes.
Rings are assumed to be non-trivial with multiplicative identity, and R-modules are assumed to be right modules with
multiplications on the left.

1.1 FREE MODULES, GL,,, AND STABLY FREE MODULES
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Figure 1: Cliapter 1.1 Review

Exercise 1.1.1. If R is a semisimple ring, then R is a direct sum of a finite number of simple R-modules. Furthermore,
every stably free module over R is free. In particular, semisimple rings satisfy IBP.
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Proof. by Artin-Wederburn Theorem, we know
R~ M,,(Dy) x ---M,, (Dy)

where D; = Endg(L;) for some minimal ideal L; of R. Note that the matrix rings over division rings are simple. Now
let M be a stably free R-module, then since R is semisimple, we know M is a semisimple module. As finite-dimensional
matrix ring algebras, we know each simple component satisfies IBP, and therefore R satisfies IBP.

Suppose R™ @ P is now free of rank n, i.e., R™ @ P =~ R", then we have a short exact sequence

0 R™ R P 0

and since R has the invariant basis property, we find a basis of R™ by extending the basis of R™, therefore we have
P >~ R"/R™ =~ R"™™, as desired.

not done O
Exercise 1.1.2. Consider the following conditions on a ring R:
(i) R sacisfies IBP;
(ii) forallm and n,if R™ =~ R" ® P, thenm > n;
(iii) foralln,if R" =~ R" @ P, then P = 0.
If R # 0, show that (i9¢) = (i) = (4).
Proof. Let R # 0.

» (4ii) = (i%): Let R™ be the free R-module of rank n. Suppose R™ can also be generated by m elements, then there
is an epimorphism m:R™ —» R". By construction, this extends to a short exact sequence

00— P L3R T4 Rn 0

where P = ker(w). Since R™ is free, then the short exact sequence splits, hence R™ =~ R™ @ P. We claim that
m = n, ie., any generating set of a free module of rank n has at least m elements. By construction, we know R™
is now generated by m elements, so the m elements span R™, but they are not necessarily lincarly independent.
Suppose, towards contradiction, that m < n, then we can extend this set to a set of 7 elements, and the new set
still generates R™, so now we have a short exact sequence

0 Q —» R" "% R" 0

where 7 is the augmented map from 7. Note that this sequence splits again so R = Q @ R", but by assumption
now ker(p) = Q = 0,507’ : R — R" is an isomorphism. This is not possible since the domain R™ is extended
from a surjection already, so the images of the added generators is already contained in the image of R™, therefore
the map would not be injective, contradiction. Hence, we know m > n.

» (49) = (i): Let A be a free R-module of rank m with respect to basis By and of rank n with respect to basis Ba,
it suffices to show that m = n. The statement of (47) is equivalent to the following: the generating set of a free
R-module of rank n has at least n elements. Therefore, by (i7), we know Bj has at least m elements, and By has
at least n elements. If m # n, then say m > n, but now A as a free R-module of rank m cannot be generated by
n < m elements, contradiction, thus m = n.

O
Exercise 1.1.3. Show that (74¢) and the following matrix conditions are equivalent:
(a) for all n, every surjection R™ — R" is an isomorphism;
(b) forall nand for f,g € M, (R),if fg = 15, thengf = 1,, and g € GL,,(R).

Then show that commutative rings sacisfy (b), hence (4i1).
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Proof. » (#17) = (a): Let ™ : R™ — R" be a surjection, then this extends to a short exact sequence

0 —— ker(m) R™ ——— R™ 0

In particular, R™ is free hence the short exact sequence splits, thus R™ = ker(w) @ R", but by (4i¢) we have
ker(m) = 0, so this is an injection as well, thus we have a bijection of R-modules which is just an isomorphism.

« (a) = (b): Let f,g € My(R) be such that fg = 1,,, f is a surjection and ¢ is an injection. By assumption,
f € M, (R) is asurjection f : R — R" so f is an isomorphism, therefore there exists a unique two-sided inverse
hof f,butnow fg = fh = 1, where f is a monomorphism of this category, so by left cancellation we have g = h,
therefore g is the inverse of f, then the claim follows.

« Using the same argument, if we have R =~ R™ @ P, then this corresponds to an extension of the surjection
f : R™ — R™ via the short exact sequence

0— P92 gt pgn 0

where g € M,,(R) is the inclusion and P = ker(f). Therefore, fg = 1,,, so by assumption we know ¢gf = 1,, and
g € GL,,(R), therefore this says f is an isomorphism, hence ker(f) = 0. Therefore, P = 0.
O

Exercise 1.1.4. Show that right Noetherian rings satisfy condition (b) of Exercise 1.1.3, hence they satisfy (44¢) and have the
right invariant basis property.

Proof. We claim that (a) is true. Suppose R is Noetherian, then lec u : R™ — R™ be a surjection, and suppose ¢ is not an
injection, then the ascending chain of ker(u*)’s cannot stabilize applying u always creates new elements into the kernel, so

it contradicts the fact that R is Noetherian. Therefore, a surjection must be an isomorphism, therefore (b) is also crue. O

Exercise 1.1.5.  (a) Show that (S,,) holds for all n = sr(R).

(b) 1fsr(R) = n, show thatall stably free projective modules of rank = n are free. Hint: compare (7o, ..., 7y), (1o, 71, - - -

and (1,77,...,70).

r'n

(¢) Show that st(R) = 1 for every Artinian ring R. Conclude that all stably free projective R-modules are free over
Artinian rings.

(d) Show chat if I is an ideal of R, then sr(R) = sr(R/I).

(e) If'sr(R) = n for some n, show that R satisfies the [BP. Hint: consider an isomorphism B : RN ~ RN+7 and
appl_y (Sn) to convert B into a matrix of the form (g)

Proof (a)
O

Exercise 1.1.6. Let D be a division ring which is not a field. Choose «, 8 € D such that of — fa # 0, and show that
o = (x + o,y + B) is aunimodular row over R = D[z, y]. Let P = ker(c) be the associated rank 1 stably free module;
P@® R =~ R?. Prove that P is not a free D[, y]-module, using these steps:

(i) If P = R"™, show that n = 1. Thus we may suppose that P = R with 1 € R corresponding to a vector [Z] with

r,s € R.

(i1) Show that P contains a vector [ch] with f = c12 + coy + c3zy + cay? and g = dix + doy + dzzy + dyz?
(Ci, dz € D)

(iii) Show that P cannot contain any vector [g] with f and ¢ linear polynomials in 2 and y. Conclude that the vector

in (i) must be quadratic and may be taken to be of the form given in (ii).
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(iv) Show that P contains a vector [g] with f =y + M1y + 4%, 9 = 0o + 612 — ay — 2y, and o = Bu~Bu # 0.

This contradicts (iii), so we cannot have P =~ R.

Proof. First off, we have

(z+a)(B+y)+ (y+ B)(~a—1x))

1
m(xﬁ—i—ozﬁ—l—xy—i—ay—ya—ﬁa—yx—Baﬁ)
1
=mx(aﬂ—,@a)
=1.

1
aff — Ba

(i) We know division rings satisfy IBP, so given P =~ R", we have R" @ R =~ R2, then rank givesn+1=2son = 1.

Ay + B)
B(z + «)

element by (z + y), we obrain a corresponding element

I ICRR e

(ii) By the calculation above, we know [ ] is an element in P and write it as [n] Now multiplying this

I
3
)
_|_
<
===

(AB)y + Azy + Ay?
| (Ba)x + (Ba)y + Bxy + By?

which we will define by / )
g
(iii) Since this element is in the kernel, then multiplying with o should give zero. This would not be possible if f contains
a linear term in & and ¢ contains a linear term in y, there are no other corresponding basis elements in 2% and y?
- T . - . .
by then. It now suffices to show that the vector 8] cannot be linear. If it were linear, then we obtain ] by
multiplication with respect to some linear polynomial in y, according to f, but that means g still contains linear

. .. - - . T . . . .
terms in ¥, contradiction. Therefore, the basis vector o | must be quadratic, so we take it to be [f] as in (ii).
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1.2 PROJECTIVE MODULES

Modules Topolagical Strctyre
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Figure 2: Chapter 1.1 Review

The rest of the section discusses patching free modules to obtain a projective module structure.

Remark 1.2.1 (Milnor Patching). Let I be anideal in R, and f : R — S be a ring homomorphism that sends I to an ideal
of S that we identify by I as well. Therefore, R is the pullback of S and R/I, as

R={(F,s)e(R/I)xS: f(F)=5s (modI)},

so we obtain a Milnor square

rR—I 5

|

R/T —— /I

In particular, if I is the conductor ideal, then we obtain a conductor square.
Given a Milnor square above, we construct M = (M7, g, M) as the R-module obtained by patching M7 and Mo
together along g as follows: for S-module Mj, R/I-module M3, and S/I-module isomorphism g : My ®r/1 S/T ~

My /IMj, then M becomes the kernel of
M1 X MQ — Ml/IMl
(m1,mg) — my — g(f(my)).
Theorem 1.2.2 (Milnor Patching). Given a Milnor square above,

1. if P is obtained by patching together a finitely-generated projective S-module Py and a finitely-generated projective
R/I-module Py, then P is a finitely-generated projective R-module;

2. P®rS = Py, and P/IP = Py,
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3. every finitely-generated projective R-module arises in this way;

4. if P is obtained by patching free modules along g € GL,,(S/I) and @ is obtained by patching free modules along
g 1, then P@®Q =~ R*™.

We would now talk about the case in infinitely-generated projective modules.

Example 1.2.3 (Eilenberg Swindle). Let R* be an infinitely-generated free module, if P@Q = R", then we have POR™ =~
R* and R® =~ R® @ R*. Moreover, it P@® R® =~ R®, then R =~ R®.
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