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1 Marcinkiewicz Interpolation Theorem

Let us recall a few concepts and results from measure theory that one is expected to understand before the start of the
course, c.f., [Fol99] and/or course notes from a class taught by the same professor.

Definition 1.1. Let pX,A, µq be a measure space, and let f : X Ñ C be a function. For any 0 ă p ă 8, there is an
associated Lp-norm

||f ||p “

¨

˝

ż

X

|f |pdµ

˛

‚

1
p

.

For p “ 8, we define the 8-norm by

esssupxPX |fpxq| “ inftM P R : µptx P X : |fpxq| ą Muq “ 0u.

The Lp-space of X is defined by
LppXq “ tf : ||f ||p ă 8u

for 0 ă p ď 8. A weak Lp-norm is

||f ||p,8 “ sup
λą0

pλpµptx P X : |fpxq| ą λuqq
1
p

for 0 ă p ă 8. For p “ 8, this coincides with the L8-norm. There is then a corresponding notion of weak Lp-space.
Recall that the Lp-space Lp,8pXq is contained in the weak Lp-space LppXq.

Theorem 1.2. For any 0 ă p ď 8, LppXq Ď Lp,8pXq.

Definition 1.3. Let T be an operator from pX,A, µq to a space of measurable functions on pY,B, νq.

1. If T pf1 ` f2q “ T pf1q ` T pf2q for all f1, f2 P LppX,A, µq, and T pλfq “ λT pfq for all f P LppX,A, µq, then
T is called a linear operator.

2. If |T pf1 ` f2q| ď |T pf1q| ` |T pf2q| for all f1, f2, and |T pλfq| “ |λ||T pfq| for all f and all λ P C, then T is
called a sublinear operator.

3. If ||T pfq||LqpY,B,νq ď C||f ||LppX,A,µq for some constant C independent of f for all f P LppX,A, µq, then T is
called a (strong) pp, qq operator.

Remark 1.4. An equality of the form ||T pfq||LqpY,B,νq ď C||f ||LppX,A,µq is called a pp, qq-type inequality.

Remark 1.5. When p “ q, we say the operator T is bounded.

4. If ||T pfq||Lq,8pY,B,νq ď Cp,q||f ||LppX,A,µq for all f P Lp, then T is called a weak pp, qq operator.

Theorem 1.6.

||f ||pp “ p

8
ż

0

λp´1µptx P X : |fpxq| ą λuqdλ.

Theorem 1.7 (Riesz-Thorin Interpolation Theorem). Suppose that pX,A, µq and pY,B, νq are measure spaces and let
p0, p1, q0, q1 P r1,8s. In the case where q0 “ q1 “ 8, we should assume in addition that ν is semi-finite. If T is
a linear operator such that T is strong pp0, q0q and strong pp1, q1q, i.e., ||T pfq||q0 ď M0||f |p0 for all f P Lp0 , and
||T pfq||q1 ď M1||f ||p1 for all f P Lp1 , then for any 0 ă θ ă 1,

||T pfq||qθ ď M1´θ
0 Mθ

1 ||f ||pθ

for all f P Lpθ , where pθ and qθ satisfy 1
pθ

“ 1´θ
p0

` θ
p1

and 1
qθ

“ 1´θ
q0

` θ
q1

.

Remark 1.8. To interpret this, let us say p 1
a ,

1
b q is a good point if T is strong pa, bq. The theorem then says that if pp0, q0q

and pp1, q1q are good, then any point along the line connecting these two points is also good.
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Problem 1. Prove Theorem 1.7.

A proof can be found in Theorem V.1.3 of [SW71].

Theorem 1.9 (Marcinkiewicz Interpolation Theorem). Suppose that pX,A, µq and pY,B, νq are measure spaces, and let
p0, p1, q0, q1 P r1,8s, such that p0 ď q0, p1 ď q1, and that q0 ‰ q1. Let 1

pθ
“ 1´θ

p0
` θ

p1
, and 1

q0
“ 1´θ

q0
` θ

q1
, where

0 ă θ ă 1. If T is a sublinear operator and is weak pp0, q0q and weak pp1, q1q, then T is strong ppθ, qθq.

Again, there is a geometric interpretation via interpolation, as in Remark 1.8.

Proof. We split the proof into cases.

Case 1: p0 “ q0, p1 “ q1, and p0 ‰ p1. For simplicity, we assume the measure is σ-finite. Set p “ pθ , then we want
to construct a decomposition of f via level sets and then ||T pfq||LppY q ď Cp||f ||LppXq for all f P Lp. Let
λ ą 0, and C ą 0 be a constant that we will choose later. We give a decomposition f “ f0 ` f1, where
f0 “ fχtxPX:|fpxq|ąCλu is associated to p0 and f1 “ fχtxPX:|fpxq|ďCλu is associated to p1. Since T is sublinear,
then |T pfq| ď |T pf0q| ` |T pf1q|. Now

νptx : |Tfpxq| ą λuq ď νptx : |Tf0pxq| ą
λ

2
uq ` νptx : |Tf1pxq| ą

λ

2
uq.

Subcase 1: Assume p1 “ 8. Therefore, ||T pfq||p0,8 ď A0||f ||p0 and ||T pfq||8 ď A1||f ||8. In particular, λ ą 0,

νptx : |Tfpxq| ą λuq ď
A

p0
0 ||f ||

p0
p0

λp0
. Moreover, we know that ||T pf1q||8 ď A1||f1||8 ď CA1λ. Take

C “ 1
2A1

, then ||T pf1q||8 ă λ
2 , therefore νptx : |Tf1pxq| ą λ

2 uq “ 0, and by Theorem 1.6 and Fubini
theorem we have

||T pfq||pp “ p

8
ż

0

λp´1νptx : |Tfpxq| ą λuqdλ

ď p

8
ż

0

λp´1νptx : |Tf0pxq| ą λuqdλ

ď p

8
ż

0

λp´1
p2A0qp0 ||f0||p0

p0

λp0
dλ

ď pp2A0qp0

8
ż

0

λp´p0´1

ż

tx:|fpxq|ąCλu

|fpxq|p0dµdλ

“ pp2A0qp0

ż

X

|fpxq|p0

|fpxq|

C
ż

0

λp´p0´1dλdµ

“
p

p´ p0
p2A0qp0p2A1qp´p0 ||f ||pp.

Subcase 2: Assume 1 ď p1 ă 8. Using the very same idea, we can find

||T pfq||p ď 2p
1
p

ˆ

1

p´ p0
`

1

p1 ´ p

˙
1
p

A1´θ
0 Aθ

1||f ||p.

Case 2: One can finish the proof using the same technical idea.

Problem 2. Finish the proof of Theorem 1.9.
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Problem 3. Let p0, p1, q0, q1 P r1,8s, and suppose T : LppXq Ñ LqpY q is a sublinear operator. Suppose that
||TχE ||Lq0 ď C0µpEq

1
p0 ,2 and ||TχE ||Lq1 ď C1µpEq

1
p1 for all measurable set E Ď X . Prove that there exists

Cp,q ą 0 such that for all f P Lp, ||T pfq||q ď Cp,q||f ||p where 1
p “ 1´θ

p0
` θ

p1
and 1

q “ 1´θ
q0

` θ
q1

for any θ P p0, 1q.

2This can be generalized as ||T pF q||Lq0 pνq ď C0||f ||Lp0 pµq for all f P Lp0 .
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2 Approximation to the Identity

Definition 2.1. Let φ P L1pRnq and
ş

Rn

φdx “ 1 via the Lebesgue measure. For any ε ą 0, let φεpxq “ ε´nφpε´1xq be

the dilation of φ by ε.3 The sequence tφεuεą0 is called an approximation to the identity.

Example 2.2. Set φpxq “ e´π|x|
2

where |x| is the Euclidean distance. One can show that
ş

Rn

φpxqdx “ 1 via polar

coordinates. By definition, set φεpxq “ ε´ne´ π
ε2

|x|
2

gives a sequence tφεuεą0 as an approximation to the identity. The
graph of this function is of bell-shaped such that as ε Ñ 0, the mass is concentrated at 0.

φεpxq Ñ

#

8, x “ 0

0, x ‰ 0

One can also say φε Ñ δ as ε Ñ 0, converging to the dirac mass.

Definition 2.3. Let f and g both be integrable, then the function

pf ˚ gqpxq “

ż

Rn

fpx´ yqgpyqdy

is called the convolution of f and g whenever the integral exists.

Example 2.4. Let f be a “nice” function, i.e., continuous with compact support, or of C8, then

lim
εÑ0

pφε ˚ fqpxq “

ż

δpx´ yqfpyqdy “ fpxq.

Definition 2.5. Let f P C8pRnq. If
M :“ sup

xPRn

|xαDβfpxq| ă 8,

for any α, β P Nn
0 , then we say f is a Schwartz-function. We call α P Nn

0 the multi-index, and for any x “ px1, . . . , xnq P

Rn, we definexα “ xα1
1 ¨ ¨ ¨xαn

n , and similarlyDβ “ Bβ1
x1

¨ ¨ ¨ Bβn
xn

. We also denoteSpRnq to be the collections of Schwartz
function.

Remark 2.6. For large enough x, |Dβfpxq| ď M
|x|α

decays rapidly.

Example 2.7. The Gaussian kernel is a Schwartz function. In fact, SpRnq is dense in the Lp-space.

Lemma 2.8. If f P SpRnq, then |Dβfpxq| ď
CN,β

p1`|x|qN
for any β,N, x.

Proof. Let Cα,β “ sup
xPRn

|xαDβfpxq|, then set CN,β “ maxtCα,β : α P Nn
0 , |α| “ α1 ` ¨ ¨ ¨ ` αn ď Nu.

Remark 2.9. Lemma 2.8 is equivalent to Definition 2.5.

Theorem 2.10. Let tφεuεą0 be an approximation to the identity, then

lim
εÑ0

pφε ˚ fqpxq “ fpxq

for any x P Rn and f P SpRnq.

Proof. To simplify the convolution a little bit, note that

pφε ˚ fqpxq “

ż

φpyqfpx´ εyqdy

3By taking ε´1pxq we are able to normalize the function.
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by a change of variables. Taking the limit, we get

lim
εÑ0

pφε ˚ fqpxq “ lim
εÑ0

ż

φpyqfpx´ εyqdy.

To enlarge the integrand, we note that

|φpyqfpx´ εyq| ď |φpyq|||f ||8 P L1pRnq

since f P SpRnq. By Dominant Convergence Theorem, we know

lim
εÑ0

pφε ˚ fqpxq “

ż

φpyq lim
εÑ0

fpx´ εyqdy

“

ż

φpyqfp lim
εÑ0

x´ εyqdy

“

ż

φpyqfpxqdy

“ fpxq

ż

φpyqdy

“ fpxq

since f is continuous.

We now try to pass this conclusion to the Lp-space. Note that SpRnq Ď LppRnq, and although the pointwise conver-
gence may not hold, the Lp-convergence still holds.

Lemma 2.11 (Minkowski). For any 1 ď p ď 8, we have

¨

˝

ż

Rn

¨

˝

ż

Rn

|fpx, yq|dy

˛

‚

p

dx

˛

‚

1
p

ď

ż

Rn

¨

˝

ż

Rn

|fpx, yq|pdx

˛

‚

1
p

dy.

Remark 2.12. For any 1 ď p ă 8, the Minkowski inequality ||f ` g||p ď ||f ||p ` ||g||p which is the triangle inequality
in Lp-space. The Minkowski inequality above is a continuous analogue of the result we have seen before.

Proof. Recall that for any 1 ď p ă 8, we have

||F ||p “ sup

$

&

%

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ż

Rn

Fgdx

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

: g P Lp1

pRnq, ||g||p1 “ 1

,

.

-

where 1
p ` 1

p1 “ 1. Now

¨

˝

ż

Rn

¨

˝

ż

Rn

|fpx, yq|dy

˛

‚

p

dx

˛

‚

1
p

“ sup

$

&

%

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ż

Rn

ż

Rn

|fpx, yq|dygpxqdx

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

: g P Lp1

pRnq, ||g||p1 “ 1

,

.

-

,

but
ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ż

Rn

ż

Rn

|fpx, yq|dygpxqdx

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ď

ż

Rn

ż

Rn

|fpx, yq|dy|gpxq|dx

“

ż

Rn

ż

Rn

|fpx, yq||gpxq|dxdy

6
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ď

ż

Rn

¨

˝

ż

Rn

|fpx, yq|pdx

˛

‚

1
p

dy||gpxq||p1

“

ż

Rn

¨

˝

ż

Rn

|fpx, yq|pdx

˛

‚

1
p

dy

by Fubini theorem and Hölder inequality.

Theorem 2.13. Let 1 ď p ă 8, and tφεuεą0 be an approximation to the identity, then for any f P LppRnq, we have

lim
εÑ0

||φε ˚ f ´ f ||p “ 0,

or equivalently, lim
εÑ0

pφε ˚ fq “Lp f .

Remark 2.14. This conclusion does not hold for p “ 8. Over the supremum norm, we ignore the contribution of the

null set, therefore φε ˚ f
L8

ÝÝÑ f for f P L8 is a uniform convergence, which forces f to be continuous. However,
L8-functions cannot be continuous, contradiction.

Proof of Theorem 2.13. First, we have the following conclusion.

Problem 4. Suppose K P L1pRnq, prove that ||K ˚ f ||p ď ||K||1||f ||p for any f P Lp and any p P r1,8s. (Hint: use
Minkowski or interpolation.)

By Problem 4, φε ˚ f P Lp since φε P L1 and f P Lp. We have

f ˚ φεpxq ´ fpxq “

ż

fpx´ yqφεpyqdy ´

ż

fpxqφεpyqdy since
ż

φε “ 1

“

ż

Rn

pfpx´ yq ´ fpxqqφεpyqdy by setting φεpyq “ ε´nφp
y

ε
q

“

ż

Rn

pfpx´ εyq ´ fpxqqφpyqdy by taking y Ñ εy

where dy “ dm. By Lemma 2.11, we have

||f ˚ φε ´ f ||p ď

ż

|φpyq|||fpx´ εyq ´ fpxq||Lppdxqdy.

Problem 5. For any y P Rn, ||fp¨ ´ εyq ´ fp¨q||LppRnq Ñ 0 as ε Ñ 0. (Hint: use the fact that C8
c pRnq is dense in

LppRnq.)

We now know that

|φpyq|||fpx´ εyq ´ fpxq||Lppdxq ď |φpyq|p||f ||p ` ||f ||pq P L1pdyq,

then taking the limit, we have

lim
εÑ0

||f ˚ φε ´ f ||p ď lim
εÑ0

ż

|φpyq|||f ˚ φε ´ f ||pdy

“

ż

|φpyq| lim
εÑ0

||fpx´ εyq ´ fpxq||pdy

“ 0

by Problem 5.

Corollary 2.15. SpRnq is dense in LppRnq if 1 ď p ă 8.

7
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Proof. Note that the set Lp
c “ tf P Lp : f has compact supportu is dense in Lp: for large enough value M , we know the

ball BM satisfies fχBM
P Lp. For any g P Lp

c , we take φpxq “ e´π|x|
2

, then φε ˚ g
Lp

ÝÝÑ g as ε Ñ 0. But one can check
that φε ˚ g P SpRnq, so this shows denseness.

Problem 6. Let φ P C8
c pRnq Ď SpRnq and f P L1

locpR
nq.

a. Show that φ ˚ f P C8pRnq and Dαpφ ˚ fq “ pDαφq ˚ f for multi-index α P Nn
0 . (Hint: apply DCT.)

b. If f, g P SpRnq, then f ˚ g P SpRnq.

Theorem 2.16. Let φ P L1 such that
ş

Rn

φ “ 1. We define the least decreasing radial majorant of φ to be ψpxq “

sup
|y|ě|x|

|φpyq|.4 Suppose that ψ P L1pRnq and
ş

Rn

ψpxqdx “ A, then

a. sup
εą0

|f ˚ φεpxq| ď AMfpxq almost everywhere, where Mfpxq is the Hardy-Littlewood maximal function;

b. for any 1 ď p ă 8, lim
εÑ0

f ˚ φεpxq “ fpxq almost everywhere for all f P LppRnq.

Remark 2.17.

1. The proof of statement a. requires applying the polar coordinate formula.

2. The proof of statement b. mimics the proof of Lebesgue differentiation theorem. It is also true even if p “ 8.
However, since our proof uses the denseness of Schwartz functions in Lp space, this would not work in p “ 8.

Proof.

a. By the translation and dilation invariance, it suffices to prove that |f ˚φ1p0q| “ |f ˚φp0q| ď AMfp0q. It suffices to
show that f ˚ψp0q ď AMfp0q for all f P L`pXL1

locq, then since |φpxq| ď ψpxq, we have |f ˚φp0q| ď AMfp0q,
and therefore gives the statement. Recall the polar coordinate formula

ż

Rn

fpxqdx “

8
ż

0

ż

Sn´1

fprx1qdx1rn´1dr

where pr, x1q is the polar coordinate of x, i.e., r “ |x| and x1 “ x
|x|

P Sn´1.

Remark 2.18. For E˚ “ E X Sn´1 and dx1 “ dσpx1q given by the surface measure σ induced by m, then
σpE˚q “ mpEq. Indeed, for Σr “ Bnp0, rq Ď Rn, then

ż

Rn

“

8
ż

0

ż

Σr

dσ1

where dσr “ rn´1dσ1. This can be interpreted as Fubini theorem.

We calculate

f ˚ ψp0q “

ż

Rn

fpxqψp´xqdx

“

ż

Rn

fpxqψp|x|qdx

“

8
ż

0

ż

Sn´1

fprx1qψprqdx1dr

4We say a function f : Rn Ñ C is radial if for any x P Rn, fpxq “ fp|x|q, i.e., the value of f only depend on the direction of x, but not by the
magnitude from the origin.
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“

8
ż

0

ψprqrn´1

ż

Sn´1

fprx1qdx1dr.

Set F prq “
ş

Sn´1

fprx1qdx1, then

Gpxq :“

ż

Bnp0,rq

fpxqdx

“

ż

|x|ďr

fpxqdx

“

r
ż

0

tn´1

ż

Sn´1

fprx1qdx1dt

“

r
ż

0

tn´1F ptqdt.

By the fundamental theorem of calculus, G1prq “ rn´1F prq. On the other hand,

Gprq “ mpBnp0, rqq ¨
1

mpBnp0, rqq

ż

Bnp0,rq

fpxqdx

ď mpBnp0, rqq ¨Mfp0q

ď Cn ¨ rnMfp0q

by the Hardy-Littlewood maximal function.

Recall that

f ˚ ψp0q “

8
ż

0

rn´1F prqψprqdr

“

8
ż

0

G1prqψprqdr

“ ψprqGprq|
8

r“0 ´

8
ż

0

Gprqdψprq

by integration by parts, since ψ1prqdr “ dψprq is differentiable almost everywhere

“ lim
rÑ8

ψprqGprq ´ lim
rÑ0

ψprqGprq ´

8
ż

0

Gprqdψprq assuming the limits exist.

Let us show that the limits exist.

Claim 2.19.
lim
rÑ0

ψprqGprq “ lim
rÑ8

ψprqGprq “ 0.

Subproof. We have

|ψprqGprq| ď ψprq|Gprq|

ď Cnr
nψprqMfp0q.

9



MATH 545 Notes Jiantong Liu

It remains to show rnψprq Ñ 0 as r Ñ 0 or r Ñ 8. We have

rnψprq “ cn

ż

r
2 ď|x|ďr

dxψprq

ď cn

ż

r
2 ď|x|ďr

ψpxqdx since ψ is decreasing

Ñ 0

as r Ñ 0 or r Ñ 8, since ψ P L1. ■

Now

f ˚ ψp0q “ 0

8
ż

0

Gprqdψprq

“

8
ż

0

Gprqdpψprqq

ď CnMfp0q

8
ż

0

rndp´ψprqq

“ nCnMfp0q

8
ż

0

ψprqrn´1dr by integral by parts

“ Mfp0q

ż

Rn

ψpxqdx

“ AMfp0q.

b.

Lemma 2.20. Let tTεuεą0 be a family of linear operators on LppRnq for 1 ď p ď 8. Define T˚fpxq “

sup
εą0

|Tεfpxq| for all x P Rn. If T˚ is of weak pp, pq, then

tf P LppRnq : lim
εÑ0

Tεfpxq “ fpxq almost everywhereu

is closed in LppRnq. That is, for any family tfku in Lp with ||fk ´ f ||p Ñ 0 as k Ñ 8, and lim
εÑ0

Tεfkpxq “ fkpxq

almost everywhere, then lim
εÑ0

Tεfpxq “ fpxq almost everywhere.

Subproof. Consider the level set tx P X : lim
εÑ0

|Tεfpxq ´ fpxq| ą λu. Now

µptx P X : lim sup
εÑ0

|Tεfpxq ´ fpxq| ą λuq “ µptx P X : lim sup
εÑ0

|Tεpf ´ fkqpxq ´ pf ´ fkqpxq| ą λuq,

but
|Tεpf ´ fkqpxq ´ pf ´ fkqpxq| ď T˚pf ´ fkqpxq ` |pf ´ fkqpxq|

gives a uniform upper bound, then

µptx P X : lim sup
εÑ0

|Tεfpxq ´ fpxq| ą λuq “ µptx P X : lim sup
εÑ0

|Tεpf ´ fkqpxq ´ pf ´ fkqpxq| ą λuq

ď µptx P X : T˚pf ´ fkqpxq ą
λ

2
uq

10
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` µptx P X : |pf ´ fkqpxq| ą
λ

2
uq

ď
Cp||f ´ fk||pp

λp

Ñ 0

as k Ñ 8. Since µptx P X : lim sup
εÑ0

|Tεfpxq ´ fpxq| ą λuq is independent from fk , then this squeezes

µptx P X : lim sup
εÑ0

|Tεfpxq ´ fpxq| ą λuq “ 0 for all λ ą 0. By writing

µptx P X : lim sup
εÑ0

|Tεfpxq ´ fpxq| ą 0uq ď µ

˜

8
ď

k“1

"

x P X : lim sup
εÑ0

|Tεfpxq ´ fpxq| ą
1

k

*

¸

ď

8
ÿ

k“1

µ

ˆ"

x P X : lim sup
εÑ0

|Tεfpxq ´ fpxq| ą
1

k

*˙

“ 0

as the limit of partial sums. In particular, this forces

µptx P X : lim sup
εÑ0

|Tεfpxq ´ fpxq| ą 0uq “ 0.

Therefore, lim sup
εÑ0

|Tεfpxq ´ fpxq| “ 0 almost everywhere in x, and hence that means the limit lim
εÑ0

|Tεfpxq ´

fpxq| “ 0 exists. That is, lim
εÑ0

Tεfpxq “ fpxq almost everywhere. ■

We now want to show that lim
εÑ0

f ˚ φεpxq “ fpxq almost everywhere on x for all f P Lp and 1 ď p ă 8.

We know this is true if f P SpRnq, a dense collection in Lp-space. By Lemma 2.20, we just need to show that
sup
εÑ0

|f ˚ φε| “ T˚f defines a weak pp, pq operator T˚. By part a., we know

sup
εÑ0

|f ˚ φϵpxq| ď AMfpxq

for some finite number A, then T˚ is weak pp, pq since M is of strong pp, pq.

Example 2.21. Let φpxq “ p4πq´ n
2 e´

|x|2

4 for all x P Rn. Let ε “
?
t, then let

φεpxq “ ε´nφpε´1xq “ p4πtq´ n
2 e´

|x|2

4t “:Wtpxq,

which is the Gauss-Weierstrass kernel. Consider the heat equation
#

∆xu “ Bu
Bt @px, tq P Rn`1

`

upx, 0q :“ lim
tÑ0

upx, tq “ fpxq P LppRnq, 1 ď p ă 8
(2.22)

with respect to the Laplacian ∆x “ B2
x1

` ¨ ¨ ¨ ` B2
xn

for x “ px1, . . . , xnq P Rn. Here the complex-valued function
u is defined in the upper half plane Rn`1

` “ tpx, tq : x P Rn, t ą 0u. By solving Equation (2.22), we obtain upx, tq “

Wt ˚ fpxq, where Wt is a fundamental solution to the heat equation.

Example 2.23. Consider a complex-valued function u : Rn`1
` Ñ C, and we have the Laplacian ∆x,t “ ∆x ` B2

t and a
PDE

#

∆x,tu “ 0 @px, tq P Rn`1
`

upx, 0q “ fpxq P LppRnq, 1 ď p ă 8
(2.24)

To solve this, we define φpxq “ 1

p1`|x|2q
n`1
2

, and set ε “ t, therefore we have the Poisson kernel

φtpxq “
t

pt2 ` |x|2q
n`1
2

“: Ptpxq.

By Theorem 2.16, we know upx, tq “ Pt ˚ fpxq solves Equation (2.24).

11
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3 Fourier Transforms

Definition 3.1. Let f P L1pRnq be a function, then we define the Fourier transform to be the Lebesgue integral

f̂pξq “

ż

Rn

fpxqe´2πiξ¨xdx

for all ξ P Rn, where ξ ¨ x “ x1ξ1 ` ¨ ¨ ¨ ` xnξn for ξ P Rn and x P Rn. Therefore, f̂ is integrable.

Proposition 3.2. Let f P L1pRnq, then

a. ||f̂ ||8 ď ||f ||1;

b. f̂ is uniformly continuous on Rn;

c. lim
|ξ|Ñ8

f̂pξq “ 0;

d. zf ˚ g “ f̂ ĝ for all f, g P L1.

Problem 7. Verify parts a., b., d.

Proof of part c. of Proposition 3.2. We know that

f̂pξq “

ż

Rn

fpxqe´2πiξ¨xdx

“

ż

Rn

fpxqe´2πiξ¨xe
´2πiξ¨

ξ

2|ξ|2 p´1qdx

“ ´

ż

Rn

fpxqe
´2πiξ¨

´

x`
ξ

2|ξ|2

¯

dx

“ ´

ż

Rn

f

ˆ

y ´
ξ

2|ξ|2

˙

e´2πiξ¨ydy

by a change of variable y “ x`
ξ

2|ξ|2
. By comparing this with the definition, then we have

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ż

Rn

fpxqe´2πiξ¨xdx´

ż

Rn

f

ˆ

x´
ξ

2|ξ|2

˙

e´2πiξ¨xdx

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

“

ˇ

ˇ

ˇ
2f̂pξq

ˇ

ˇ

ˇ
.

Note that the left-hand side is bounded above by ||fp¨q ´ fp¨ ´
ξ

2|ξ|2
q||1 Ñ 0 as |ξ| Ñ 8, by the continuity condition.

Therefore, lim
|ξ|Ñ8

|2f̂pξq| “ 0.

Problem 8. A sequence of functions tfkukPN Ď SpRnq converges inSpRnq to f P SpRnq if lim
kÑ8

||fk´f ||α,β “ 0 for all

α, β P Nn
0 . Here ||f ||α,β “ sup

xPRn

|xαDβfpxq|. Prove that for all f P SpRnq, there exists a sequence tfkukPN Ď C8
c pRnq

such that tfkukě1 converges to f in SpRnq. That is, C8
c pRnq is dense in SpRnq.

Hint: take φ : Rn Ñ R to be a C8-function satisfying

1. φ being radial,

2. 0 ď φ ď 1,

3. φpxq “ 1 whenever |x| ď 1 and φpxq “ 0 whenever |x| ě 2.

12
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Note that φ is a bump function. Now for any k P N, set fkpxq “ fpxqφ
`

x
k

˘

, then fk P C8
c pRnq. You can prove that

fk Ñ f in SpRnq as k Ñ 8. Use Lebniz’s rule to show that

Dαpfgq “
ÿ

βPNn
0

βďα

Cα,βD
α´βfDβf

for Cα,β “

ˆ

α
β

˙

. Note that β ď α if and only if βj ď αj for all 1 ď j ď n, once we write α “ pα1, . . . , αnq and

β “ pβ1, . . . , βnq. Now
Dαpfgq “

ÿ

β`γ“α

CβγD
βfDγg.

Also note that Dβ
`

φ
`

x
k

˘˘

ď C
k if |β| ą 0 where β P Nn

0 .

Proposition 3.3. Let f P L1pRnq. For f̂pξq “
ş

Rn

fpxqe´2πix¨ξ , we have

1. p

Ź

fp¨ ´ bqqpξq “ e´2πiξ¨bf̂pξq for all b P Rn;

2. p

Ź

e2πix¨hfpxqqpξq “ f̂pξ ´ hq for all h P Rn;

3. p

Ź

t´nf
`

¨
t

˘

qpξq “ f̂ptξq for all t P R;

4. let ρ be an orthogonal transform on Rn, that is, ρ : Rn Ñ Rn is a linear transform preserving the inner product
ρpxq ¨ ρpyq “ x ¨ y for all x, y P Rn, then pzf ˝ ρqpξq “ f̂ ˝ ρpξq for all ξ P Rn;

5. if f is radial, then f̂ is radial as well.

Problem 9. Prove Part 1-3 and 5.

Proof of Part 4. Set y “ ρx, and note that this is equivalent to having x “ ρ´1y, and in particular detp|A|q “ 1 of the
corresponding matrix. Now

pzf ˝ ρqpξq “

ż

Rn

fpρpxqqe´2πix¨ξdx

“

ż

Rn

fpyqe´2πiρ´1y¨ξ|detpAq|dy

“

ż

Rn

fpyqe´2πiy¨ρpξqdy

“ f̂pρξq

“ f̂ ˝ ρpξq.

Theorem 3.4. Let f P L1pRnq, then

1. if xkf P L1pRnq, then

Bf̂pξq

Bξk
“ p

Ź

´2πixkfqpξq

for all ξ P Rn, where ξ “ pξ1, . . . , ξnq and x “ px1, . . . , xnq;

13
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2. if Bf
Bxk

P L1, then
ˆ

yBf
Bxk

˙

pξq “ 2πiξkf̂pξq.

Remark 3.5. To get an intuition, note that for nice enough functions, we have

Bξkf̂ “ Bξk

ż

fpxqe´2πix¨ξdx

“

ż

Bξkfpxqe´2πix¨ξdx

“

ż

fpxqBξke
´2πix¨ξdx

“

ż

fpxq ¨ p´2πixkqe´2πix¨ξdx

“ p

Ź

´2πixkfqpξq,

and similarly for the second formula.

Proof. Let us prove the first part. Set h “ p0, . . . , 0, hk, 0, . . . , 0q P Rn. Now

Bξk f̂pξq “ lim
hkÑ0

f̂pξ ` hkq ´ f̂pξq

hk

“ lim
hkÑ0

ż

e´2πixkhk ´ 1

hk
fpxqe´2πiξ¨xdx

“: lim
hkÑ0

ż

Idx.

Now by Dominated Convergence Theorem, we know I ď C|xkfpxq| P L1, and by the inequality |eiθ ´ 1| ď C|θ|, we
have

ˇ

ˇ

ˇ

ˇ

e´2πixkhk ´ 1

hk

ˇ

ˇ

ˇ

ˇ

ď C
|xkhk|

|hk|

“

ż

lim
hkÑ0

Idx

“

ż

Rn

p´2πixk ¨ fkq ¨ e´2πiξ¨xdx.

Corollary 3.6. LetP pxq “
ř

αPNn
0

|α|ďd

aαx
α, where |α| “ α1`¨ ¨ ¨`αn, and aα P C. Define the differential operatorP pDq “

ř

αPNn
0

|α|ďd

aαD
α. (Recall that Dα “ Bα1

x1
¨ ¨ ¨ Bαn

xn
.) Then for any f P SpRnq, we have P pDqf̂pξq “ p

Ź

P p´2πi¨qfp¨qqpξq, and

p

Ź

P pDqfqpξq “ P p2πiξqf̂pξq.

Definition 3.7. For any g P L1pRnq, we define the inverse Fourier transform of g to be ǧpxq “
ş

gpξqe2πiξ¨xdξ “ ĝp´xq.

Lemma 3.8. For any f, g P L1, we have
ş

f̂g “
ş

fĝ.

14
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Proof. By Fubini theorem, we know
ż

f̂g “

ż

Rn

ż

Rn

fpξqe´2πiξxdξgpxqdx

“

ż

Rn

fpξq

ż

Rn

gpxqe´2πiξxdxdξ

“

ż

fĝ.

Lemma 3.9. p

Ź

e´π|x|
2
qpξq “ e´π|ξ|

2

for x, ξ P Rn.

Proof. It suffices to the case where n “ 1: in general, we have iterated integrals

p{e´π|¨|2q “

ż

Rn

e´πpx2
1`¨¨¨`x2

nqe´2πipx1ξ1`¨¨¨`xnξnqdx1 ¨ ¨ ¨ dxn

“

n
ź

j“1

ż

R

e´πx2
j e´2πixjξjdxj

“

n
ź

j“1

p
{

e´πx2
j qpξjq.

It remains to show that
p{e´πx2

qpξq “ e´πξ2

for ξ, x P R.
Consider the following ODE problem

#

u1 ` 2πxu “ 0

up0q “ 1

for function u : R Ñ C. It is obvious that this ODE has a unique solution upxq “ e´πx2

. It suffices to show that the
Fourier transform û satisfies the same ODE. We have û1 ` z2πxu “ 0, and therefore 2πiξûpξq ` iû1pξq “ 0. This gives

û1 ` 2πξû “ 0.

The corresponding boundary value is ûp0q “
ş

upxqe´πi¨0¨xdx “
ş

upxqdx “
ş

e´πx2

dx “ 1. Therefore, û satisfies the
same ODE, and so û “ f̂ “ e´πξ2 , as desired.

The following conclusion now follows by dilating the result above.

Corollary 3.10. p

Ź

e´4π2
|x|

2
qpξq “ p4πq´ n

2 e´
|ξ|2

4 .

Definition 3.11. Let g P L1pRnq. The Gaussian mean of g is

Gεpgq “

ż

Rn

gpξqe´4π2ε2|ξ|
2

dξ.

Remark 3.12. By Dominated Convergence Theorem, we have lim
εÑ0

Gεpgq “ ||g||1.

15
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Lemma 3.13. Let f P L1pRnq, then

lim
εÑ0

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ż

Rn

f̂pξqe2πix¨ξe´4π2ε2|ξ|
2

dξ ´ fpxq

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

L1pRnq

“ 0.

Proof. Let g “ e2πix¨ξe´4π2ε2|ξ|
2

be a function, then

ż

Rn

fpyqp

Ź

e2πix¨ξe´4π2ε2|ξ|
2
qpyqqdy “

ż

Rn

f̂pξqe2πix¨ξe´4π2ε2|ξ|
2

dξ by Lemma 3.8

“

ż

Rn

fpyqε´np

Ź

e´4π2
|¨|

2
qpε´1px´ yqqdy

“ f ˚ φε, by Corollary 3.10

which converges to f in the L1-sense. Here tφεuεą0 is an approximation to the identity of φpxq “ p

Ź

e´4π2
|¨|

2
qpxq “

p4πq´ n
2 e´

|x|2

4 , so φεpxq “ ε´nφpε´1xq.

Theorem 3.14 (Fourier Inversion Theorem). Suppose f P L1 and f̂ P L1, then ˇ̂
f “ f .

Proof. By Lemma 3.13, there exists a sequence tεkukPN such that

• lim
kÑ8

εk “ 0,

• lim
kÑ8

ş

Rn

f̂pξqe´2πix¨ξe´4π2ε2k|ξ|
2

dξ “ fpxq almost everywhere for x.

By Dominant Convergence Theorem, we know

f “ lim
kÑ8

ż

Rn

f̂pξqe2πix¨ξe´4π2ε2k|ξ|
2

dξ

“

ż

Rn

f̂pξqe2πix¨ξ lim
kÑ8

e´4π2ε2k|ξ|
2

dξ

“

ż

Rn

f̂pξqe2πix¨ξdξ

“
ˇ̂
f.

16
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4 Fourier Transforms on LppRnq for 1 ď p ď 2

Theorem 4.1. f P SpRnq if and only if f̂ P SpRnq.

Proof. (ñ): we show that sup
ξPRn

|p2πiξqαDβ f̂pξq| ă 8 for all α, β P Nn
0 . We know

p2πiξqαDβ f̂pξq “ p2πiξqαp

Ź

p´2πixqβfpxqqpξq

“ p

Ź

Dαpp2πixqβfpxqqqpξq

“

ż

Dαpp´2πixqβfpxqqe´2πiξ¨xdx.

Since f P SpRnq, then |Dαpp´2πixqβfpxqq| ď
CN,α,β

p1`|x|qN
P L1. This shows the statement.

(ð): suppose f̂ P SpRnq Ď L1, and we want to show that f P SpRnq. By a similar argument on f̂ , we know that
ˇ̂
f P SpRnq Ď L1pRnq. By Theorem 3.14, f “

ˇ̂
f P L1pRnq.

Lemma 4.2. Let f, g P SpRnq, then ⟨f, g⟩ “

〈
f̂ , ĝ

〉
, where ⟨f, g⟩ “

ş

Rn

fḡdx. In particular, ||f ||2 “ ||f̂ ||2 for all

f P SpRnq.

Proof. We have 〈
f̂ , ĝ

〉
“

ż

Rn

f̂pxqĝpxqdx

“

ż

Rn

fpxq
y

ygpxqdx

“

ż

Rn

fḡdx

“ ⟨f, g⟩

by Lemma 3.8 and Theorem 3.14.

We now extend the theory to L2pRnq. For any f P L2pRnq, there exists a sequence tfkukě1 in SpRnq such that
lim
kÑ8

||fk ´ f ||2 “ 0, i.e., lim
kÑ0

fk “ f in L2-sense. Therefore, we define f̂ of f in L2pRnq to be the limit lim
kÑ8

f̂k .

Lemma 4.3. The limit lim
kÑ8

f̂k exists.

Proof. SinceL2pRnq is complete, then tfkukě1 is Cauchy, thus ||fk´fj ||2 Ñ 0 as k, j Ñ 8. Therefore, this is equivalent
to the fact that for all ε ą 0, there exists someN P N such that ||fk ´fj ||2 ă ε for all k, j ě N . By Lemma 4.2, we know

||fk ´ fj ||2 “ || {fk ´ fj ||2

“ ||f̂k ´ f̂j ||2

which converges to q as j, k Ñ 8. Therefore, tf̂kukě1 is Cauchy inL2pRnq. Now there exists g P L2 such that lim
kÑ8

||f̂k´

g||2 “ 0, that is, g “ lim
kÑ8

f̂k in the L2-sense.

Therefore, the definition we want of f̂ of f in L2pRnq is f̂ “ g in the sense above. We just need to show that this is
well-defined.

17
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Lemma 4.4. The choice of g above is independent of the choice of tfkukě1.

Proof. Take another sequence f̃k in L2pRnq such that lim
kÑ8

f̃k “ f in L2-sense, and that lim
kÑ8

ˆ̃
fk “ g̃. It suffices to

show that g̃ “ g. Consider a new sequence thkukě1 where hk “ fn if k “ 2n ´ 1, and hk “ f̃n if k “ 2n, i.e.,
f1, f̃1, f2, f̃2, . . .. Therefore, lim

kÑ0
hk “ lim

kÑ8
fk “ f in the L2-sense, so tĥkukě1 is Cauchy in L2, so there exists h P L2

such that h “ lim
kÑ8

ĥk in L2-sense. Therefore, in sense of L2, we know

g̃ “ lim
kÑ8

ˆ̃
fk “ lim

kÑ8
ĥk “ lim

kÑ8
f̂k “ g,

thus g̃ “ g “ h.

Theorem 4.5 (Plancherel). Let f P L2, then f̂ P L2 and is an isometry, i.e., ||f̂ ||2 “ ||f ||2.

Proof. Let fk P SpRnq such that f “L2 lim
kÑ8

fk . By definition, f̂ “L2 lim
kÑ8

f̂k P L2 by the completeness of L2.

Therefore, ||fk||2 “ ||f̂k||2 for all k P N, then taking the limit on both sides, we see that

||f ||2 “ lim
kÑ8

||fk||2 “ lim
kÑ8

||f̂k||2 “ ||f̂ ||2.

Definition 4.6. A unitary operator on a Hilbert space H is a linear operator that is an isometry and “onto”.

Theorem 4.7. The Fourier transform on L2pRnq is a unitary operator on L2pRnq.

Proof. It remains to show that the Fourier transform is “onto”. That is, for any g P L2, there exists f P L2 such that f̂ “ g.
Since SpRnq is dense in L2, then there exists gk P SpRnq such that g “L2 lim

kÑ8
gk . Let f “L2 lim

kÑ8
ǧk P L2, so it

suffices to show that f̂ “ g. We know

f̂L2 “ lim
kÑ8

p pǧkq “L2 lim
kÑ8

gk “L2“ g.

Definition 4.8. For any f P L2, we define the inverse Fourier transform f̌ “L2 lim
kÑ8

f̌k if fk P SpRnq and f “L2

lim
kÑ8

fk .

Theorem 4.9 (Inverse Theorem on L2pRnq). For any f P L2, we have p
ˆ̌fq “ f .

Proof. Let U be defined by Uf “ f̂ for any f P L2. For unitary operator U on Hilbert space H , there exists operator
U˚ such that ⟨Ux, y⟩ “ ⟨x, U˚y⟩ for any x, y P H . We say U˚ is the adjoint operator, and we will show that is just the
inverse Fourier transform.

Claim 4.10. The adjoint operator U˚ satisfies U˚f “ f̌ for any f P L2pRnq, i.e., U˚ is the inverse Fourier transform.

Subproof. For any f, g P SpRnq, we have

⟨U˚f, g⟩ “ ⟨f, Ug⟩
“ ⟨f, ĝ⟩

“

ż

fpxq ˆgpxqdx

“

ż

fpxq

ż

gpξqe´2πix¨ξdξdx

“

ż

fpxq

ż

ḡpξqe´2πix¨ξdξdx
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“

ż

ḡpξq

ż

fpxqe´2πix¨ξdxdξ

“
〈
f̌ , g

〉
.

Therefore, 〈
U˚f ´ f̌ , g

〉
“ 0

for any g P SpRnq, hence U˚f ” f̌ almost everywhere.
In general, take any f P L2pRnq, then for every k ě 1, there exists fk P SpRnq such that f “L2 lim

kÑ8
fk . For any

g P L2pRnq, we know

⟨U˚f, g⟩ “ ⟨f, ĝ⟩
“ ⟨f ´ fk, ĝ⟩ ` ⟨fk, ĝ⟩
“ ⟨f ´ fk, ĝ⟩ ` ⟨U˚fk, g⟩ .

Recall that ⟨U˚pf ´ fkq, g⟩ “ ⟨f ´ fk, ĝ⟩, therefore

| ⟨U˚pf ´ fkq, g⟩ | “ | ⟨f ´ fk, ĝ⟩ | ď ||f ´ fk||2||ĝ||2 Ñ 0

as k Ñ 8. Therefore,
lim
kÑ8

| ⟨U˚pf ´ fkq, g⟩ | “ 0

for any g P L2pRnq. Now
||U˚pf ´ fkq||2 “ sup

gPL2

| ⟨U˚pf ´ fkq, g⟩ |,

therefore
lim
kÑ8

||U˚pf ´ fkq||2 “ 0.

Hence, in the L2-sense, we know

U˚f “ lim
kÑ8

U˚fk

“ lim
kÑ8

f̌k

“ f̌ .

■

Claim 4.11. If U is a unitary operator on a Hilbert space H , then U˚ “ U´1.

Subproof. For any x P H , we have

⟨U˚Ux, y⟩ “ ⟨Ux,Uy⟩
“ ⟨x, y⟩ .

Therefore, ⟨U˚Ux´ x, y⟩ “ 0 for any x, y P H . Hence, U˚U “ I is the identity operator, so U˚ “ U´1. ■

This shows that
ˇ̂
f “ U˚f̂

“ U˚pUfq

“ f.

Let 1 ď p ď 2. For any f P Lp, one can show that f “ f1 ` f2 where f1 P L1 and f2 P L2. For instance, let
f1 “ f1tx:|fpxq|ě1u and f2 “ f1tx:|fpxq|ď1u. Correspondingly, we have f̂ :“ f̂1 ` f̂2. Alternatively, we can define

f̂ “Lp lim
kÑ8

fk where fk
L2

ÝÝÑ f as k Ñ 8, and fk P SpRnq.
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Theorem 4.12 (Hausdorff-Young). Let f P LppRnq with 1 ď p ď 2. Then f̂ P Lp1

pRnq and ||f̂ ||p1 ď ||f ||p where
1
p ` 1

p1 “ 1.

Proof. When p “ 1, then ||f̂ ||8 ď ||f ||1 by the usual properties. When p “ 2, then ||f̂ ||2 “ ||f ||2 ď ||f ||2. By
Theorem 1.7, ||f̂ ||p1 ď ||f ||p.

Theorem 4.13 (Young’s Inequality). We have

||f ˚ g||r ď ||f ||p||g||q

for all f P Lp, g P Lq , where 1
r ` 1 “ 1

p ` 1
q .

Proof. Fix f P Lp and consider Tfg “ f ˚ g as an operator. Now ||f ˚ g||p ď ||f ||p||g||1 and ||f ˚ g||8 ď ||f ||p||g||p1 by
Minkowski inequality and Holder inequality for g P L1 and g P Lp1

, respectively. By Theorem 1.7, ||f ˚g||r ď ||f ||p||g||q

for 1 ` 1
r “ 1

p ` 1
q .

Problem 10. Show that
ş

f̂g “
ş

fĝ for all f, g P L2.

Problem 11. Let f P L1 and g P Lp for 1 ď p ď 2. Prove that zf ˚ g “ f̂ ĝ almost everywhere.

Recall that for any f P SpRnq, we have ||f ||α,β “ sup
xPRn

|xαDβfpxq| for any α, β P Nn
0 . Recall that we define the

convergence of functions as fk Ñ f in SpRnq if lim
kÑ8

||fk ´ f ||α,β “ 0 for any α, β.

Definition 4.14. Let L : SpRnq Ñ C be a linear functional. We say L is continuous if lim
kÑ8

Lpfkq “ 0 as fk Ñ 0 in

SpRnq. We denote S 1pRnq to be the set of all continuous linear functionals L : SpRnq Ñ C, which is called the space of
tempered distributions.

Definition 4.15. Let f P S 1pRnq. Define L̂pφq “ Lpφ̂q for all φ P SpRnq.

Definition 4.16. A function f : Rn Ñ C is called a tempered function if there exists N ě 1 such that
ş

Rn

p1 `

|x|q´N |fpxq|dx is finite.

Remark 4.17. Let F “ tf : Rn Ñ C : f temperedu, then Lp Ď F for p ě 1.

Definition 4.18. Let f P F . If there exists a function g : Rn Ñ C such that
ż

Rn

fφdx “

ż

Rn

gφ̂dx

for all φ P SpRnq, then we may define f̂ “ g to be the Fourier transform for tempered functions.

Example 4.19. Let µ be a finite Borel measure on Rn, then

µ̂pξq “

ż

Rn

e´2πiξ¨xdµ.

Let δ be the dirac function

δpEq “

#

1, 0 P E

0, o R E

for any E P BpRnq. Its Fourier transform is

δ̂pξq “

ż

Rn

e´2πiξ¨xdδ

“

ż

Rnzt0u

e´2πiiξ¨xdδ `

ż

t0u

e´2πiξ¨xdδ

“ 0 ` δpt0uq

“ 1.
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5 Singular Integrals

Let f P SpRnq, then we want to understand the integral Tfpxq “
ş

Rn

Kpx, yqfpyqdy for some kernel functionK , which

should be understood as a distribution.

Definition 5.1 (Calderón-Zygmund Kernel). We say a function K on Rn ˆ Rn is a Calderón-Zygmund kernel if K is a
complex-valued function on pRn ˆ Rnqztpx, yq P Rn ˆ Rn : x “ yu such that it satisfies

1. size condition: |Kpx, yq| ď C
|x´y|n

if x ‰ y;

2. smoothness condition: there exists ε1 ą 0 such that |Kpx, yq ´ Kpx, y1q| ď
Cn|y´y1

|
ε1

|x´y|n`ε1
whenever |x ´ y| ą

2|y ´ y1|;

3. smoothness condition: there exists ε2 ą 0 such that |Kpx, yq´Kpx1, yq| ď
C|x´x1

|
ε
2

|x´y|n`ε2
whenever |x´y| ą 2|x´x1|.

Definition 5.2 (Singular Integral Operator). Let T : SpRnq Ñ S 1pRnq be a continuous linear operator in S , that is,
lim
kÑ8

Tφkpψq “ Tφpψq for all ψ P SpRnq as φk Ñ φ in SpRnq. We say T is a singular integral operator associated to a

kernel K if
ż

RnˆRn

Kpx, yqφpxqψpyqdxdy “

ż

Rn

ż

Rn

Tφpxqdxψpyqdy.

If K is a Calderón-Zygmund kernel, then we say T is a Calderón-Zygmund singular integral operator.

Remark 5.3. We may understand the integral in the definition above as follows,

⟨K,ψ b φ⟩ “ ⟨Tφ, ψ⟩ P S1pRnq,

where pψ b φqpx, yq “ ψpxqφpyq P SpRn ˆ Rnq.

Remark 5.4. Suppose we replace the domain of T by LppRnq. For any φ P SpRnq, we know that ||Tφ||p ď Cp||φ||p for
any 1 ă p ă 8.

Theorem 5.5 (Calderón-Zygmund). Let T be a Calderón-Zygmund singular integral operator. If ||Tφ||2 ď C||φ||2 for
any φ P SpRnq, then we may extend T to a bounded operator on LppRnq for any 1 ă p ă 8.

To prove this theorem, we need to show that a Calderón-Zygmund operator can be extended to a bounded operator
in L2.

Definition 5.6. The Hilbert transform of a function f P C1
c pRnq is

Hfpxq “
1

π
lim
εÑ0

ż

|x´y|ąε

1

x´ y
fpyqdy,

where Kpx, yq “ 1
x´y is given in terms of its principal value, and is fact a Calderón-Zygmund kernel.

Example 5.7. Let f P C8
c , then we may bound

ż

ty:|x´y|ąεu

Kpx, yqfpyqdy “

ż

ty:1ą|x´y|ąεu

Kpx, yqfpyqdy `

ż

ty:|x´y|ě1u

Kpx, yqfpyqdy “: Iε ` J

We bound J ď
ş

R
|fpyq|dy ă 8. Notice that

ż

ty:1ą|x´y|ąεu

Kpx, yqdy “

ż

ty:1ą|x´y|ąεu

1

y
dy “ 0.
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Therefore

|Iε| “

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ż

ty:1ą|x´y|ąεu

Kpx, yqfpyqdy

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

“

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ż

ty:1ą|x´y|ąεu

Kpx, yqpfpyq ´ fpxqqdy

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ď

ż

ty:1ą|x´y|ąεu

|fpyq ´ fpxq|

|y ´ x|
dy

ď

ż

ty:1ą|x´y|ąεu

||f 1||8
|y ´ x|

|y ´ x|
dy

ď ||f 1||8.

By dominant convergence theorem, we know lim
εÑ0

Iε exists.

Example 5.8. Consider the Riesz transform in Rn for n ě 2. For any 1 ď j ď n for x P Rn, we define it to be

Rjfpxq “ Cn lim
εÑ0

ż

tyPRn:|x´y|ąεu

xj ´ yj
|x´ y|n`1

fpyqdy.

Set Kjpx, yq “
xj´yj

|x´y|n`1 given in terms of the principal values, then they are the Calderón-Zygmund kernels. With this,
we can write

Rjfpxq “

ż

tyPRn:|x´y|ąεu

kjpx, yqfpyqdy.

Example 5.9. Suppose Ω : Rn Ñ C satisfies

• Ωpλxq “ Ωpxq for all λ ą 0 and x P Rn;

• Ω P L1pSn´1q;

•
ş

Sn´1

Ωpxqdσ “ 0,

then Tnfpxq “
ş

Rn

Ωpx´yq

|x´y|n
fpyqdy given in terms of its principal values gives a Hilbert transform as well.

Example 5.10. Let us consider the Cauchy integral along Lipschitz curves. Let γ be a Lipschitz curve in the complex plane
C, i.e., γ is the graph

tpx,Apxqq P Cu

such that A is Lipschitz with ||A1||8 ă 8 for A : R Ñ R, then we write down the Calderón-Zygmund singular integral
operator Cγ as

Cγfpzq “

ż

γ

1

z ´ ξ
fpξqdξ

where ξ “ ξ1 ` iξ ´ 2 then ds “ dξ1 ` idξ2. Therefore the shifting gives z Ñ x ` iApxq, ξ Ñ y ` iApyq, and
dξ Ñ p1 ` iA1pyqqdy. Using this, we can write

Cf̃pxq “

ż

R

f̃pyq

x´ y ` ipApxq ´Apyqq
dy

where f̃pyq “ fpy ` iApyqqp1 ` iA1pyqq.
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Theorem 5.11 (Calderón-Zygmund). Let T be a Calderón-Zygmund singular integral operator, and suppose T is L2-
bounded, then it is Lp-bounded for any 1 ă p ă 8.

Claim 5.12. It suffices to show that T being L2-bounded implies T is of the weak p1, 1q type, then by Theorem 1.9, we
know T is of pp, pq type for any 1 ă p ă 8. In particular, by duality, since T is of pp, pq for any 2 ă p ă 8, then T˚ is
of type pq, qq for any 1 ă q ă 2.

Let us start by proving that

Lemma 5.13 (Calderón-Zygmund Decomposition). Let f P L1pRnq. For any given λ ą 0, there exists a collection of
non-overlapping cubes tQjujě1 with |Q| “ mpQq, such that

• λ ă 1
|Qj |

ş

Qj

|f | ď 2nλ;

• |fpxq| ď λ almost everywhere for x P Rnz
Ť

jě1

Qj ;

•

ˇ

ˇ

ˇ

ˇ

ˇ

Ť

jě1

Qj

ˇ

ˇ

ˇ

ˇ

ˇ

“
ř

jě1

|Qj | ď
||f ||1
λ .

Proof. This is a classical proof strategy known as the stopping time argument. We divideRn into a union of non-overlapping
cubes Q’s of the same size, such that 1

Q

ş

Q

|f | ď λ. Now let D be all cubes Q that satisfy the said inequality. If Q satisfy

such inequality, then we divide it into 2n smaller cubes Q1 of the same size, with side length ℓpQ1q “ 1
ℓ pQq. If Q1 is such

that 1
|Q1|

ş

Q1

|f | ą λ, then it satisfies

λ ă
1

|Q1|

ż

Q1

|f | ď
2n

|Q|

ż

Q

|f |,

so we include Q1 into the family; if Q1 is such that 1
|Q1|

ş

Q1

|f | ď λ, then we divide Q1 into smaller cubes in the same

fashion, and we repeat this procedure. Eventually, we obtain a sequence tQjujPN that satisfies the first condition.
For any x R

Ť

jě1

Qj , there exists a subsequence tQkukě1 such that lim
kÑ8

|Qk| “ 0, x P Qk for all k P N, and that

1
|Qk|

ş

Qk

|f | ď λ. By Lebesgue differentiation theorem,

λ ě lim
kÑ8

1

|Qk|

ż

Qk

|f |dm “ fpxq

for almost all x R
Ť

jě1

Qj , hence |fpxq| ď λ for almost all x P Rnz
Ť

jě1

Qj , hence we have the second condition.

To verify the last condition, we note that

ÿ

j

|Qj | ď
ÿ

j

1

λ

ż

Qj

|f |

“
||f ||1

λ
.

Lemma 5.14. Let f P L1pRnq and λ ą 0, then f “ g ` b such that

• g P L2pRnq and ||g||22 ď Cλ||f ||1;

• bpxq “
ř

jě1

bjpxq, where each bj is supported in a cube Qj , such that Qj ’s are non-overlapping;
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•
ř

jě1

|Qj | ď
||f ||1
λ ,

ş

Qj

bj “ 0, and
ř

jě1

||bj ||1 ď 2||f ||1.

Proof. Let tQjujě1 be the collection of cubes in Lemma 5.13. For any j P N, we know

bjpxq “

¨

˚

˝

fpxq ´
1

|Qj |

ż

Qj

f

˛

‹

‚

χQj
pxq,

then
ş

bj “ 0. Define bpxq “
ř

jě1

bjpxq and gpxq “ fpxq ´ bpxq. The only non-trivial thing we need to verify is the first

condition. Note that

gpxq “ fpxqχ˜

Ť

jě1
Qj

¸cpxq `
ÿ

jě1

¨

˚

˝

1

|Qj |

ż

Qj

f

˛

‹

‚

χQj
pxq,

therefore

||g||8 ď ||f ||
L8

˜

Rnz
Ť

jě1
Qj

¸ ` sup
jě1

1

|Qj |

ż

Qj

|f |

ă λ` 2nλ

“ Cnλ

for some constant Cn depending on n. On the other hand, we have

||g||1 “ ||f ´ b||1

ď ||f ||1 ` ||b||1

ď ||f ||1 `
ÿ

jě1

||bj ||L1pQjq

ď ||f ||1 ` 2
ÿ

jě1

ż

Qj

|f |

ď 3||f ||1.

By Hölder inequality (or interpolation theorem), we have

||g||2 ď p3||f ||1q
1
2 pCnλq

1
2

ď C̃nλ
1
2 ||f ||

1
2
1 ,

as desired.

Proof of Theorem 5.11. Recall from Claim 5.12 that it suffices to show T satisfies the weak p1, 1q estimate, that is, for any
λ ą 0,

|tx P Rn : |Tfpxq| ą λu| ď
C

λ
||f ||1

for any f P L1pRnq. By Lemma 5.14, let us write f “ g ` b where g P L2 and b P L1, then

|tx P Rn : |Tfpxq| ą λu| ď

ˇ

ˇ

ˇ

ˇ

"

x P Rn : |Tgpxq| ą
λ

2

*
ˇ

ˇ

ˇ

ˇ

`

ˇ

ˇ

ˇ

ˇ

"

x P Rn : |Tbpxq| ą
λ

2

*
ˇ

ˇ

ˇ

ˇ

“: Ig ` Ib.

We can bound

Ig ď
C

λ2
||g||22
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ď
C 1

λ2
λ||f ||1

“
C 1

λ
||f ||1

since T is of strong p2, 2q type. It remains to show that Ib ď
C||f ||1

λ . Let us write

Ib “

ˇ

ˇ

ˇ

ˇ

ˇ

#

x P Rnz
ď

jě1

5Qj : |Tbpxq| ą
λ

2

+
ˇ

ˇ

ˇ

ˇ

ˇ

`

ˇ

ˇ

ˇ

ˇ

ˇ

#

x P
ď

jě1

5Qj : |Tbpxq| ą
λ

2

+
ˇ

ˇ

ˇ

ˇ

ˇ

where 5Qj is the dilation of Qj by 5 times, then
ˇ

ˇ

ˇ

ˇ

ˇ

#

x P
ď

jě1

5Qj : |Tbpxq| ą
λ

2

+
ˇ

ˇ

ˇ

ˇ

ˇ

ď

ˇ

ˇ

ˇ

ˇ

ˇ

ď

jě1

5Qj

ˇ

ˇ

ˇ

ˇ

ˇ

ď
ÿ

jě1

|5Qj |

ď
C

λ
||f ||1.

It then suffices to bound the first term. Since the support of bj is contained in Qj , then whenever x R 5Qj with y P Qj ,
we may have Kpx, yq treated by the usual complex-valued function dominated by 1

x´y . Let yj be the center of Qj , then
since

ş

bj “ 0, we know that
ş

Kpx, yjqbj “ 0 as well. Therefore, by Chebyshev inequality,
ˇ

ˇ

ˇ

ˇ

ˇ

#

x P Rnz
ď

jě1

5Qj : |Tbpxq| ą
λ

2

+
ˇ

ˇ

ˇ

ˇ

ˇ

ď
2

λ

ż

˜

Ť

jě1
5Qj

¸c

|Tbpxq|dx

ď
2

λ

ÿ

jě1

ż

˜

Ť

jě1
5Qj

¸c

|Tbjpxq|dx

ď
2

λ

ÿ

jě1

ż

p5Qjqc

ˇ

ˇ

ˇ

ˇ

ż

Kpx, yqbjpyqdy

ˇ

ˇ

ˇ

ˇ

dx

“
2

λ

ÿ

jě1

ż

p5Qjqc

ˇ

ˇ

ˇ

ˇ

ż

Kpx, yqbjpyqdy ´

ż

Kpx, yjqbjpyqdy

ˇ

ˇ

ˇ

ˇ

dx

“
2

λ

ÿ

jě1

ż

p5Qjqc

ˇ

ˇ

ˇ

ˇ

ż

pKpx, yq ´Kpx, yjqqbjpyqdy

ˇ

ˇ

ˇ

ˇ

dx.

Recall that |Kpx, yq ´Kpx, yjq| ď C
|y´yj |

ε

|x´y|n`ε for some constant C whenever |x´ y| ą 2|y´ yj |. Since x is outside of
5Qj while y and yj are inside Qj , then x and y satisfy the bound indeed. By Fubini theorem,

ˇ

ˇ

ˇ

ˇ

ˇ

#

x P Rnz
ď

jě1

5Qj : |Tbpxq| ą
λ

2

+
ˇ

ˇ

ˇ

ˇ

ˇ

ď
C

λ

ÿ

jě1

ż

p5Qjqc

ż

Qj

|y ´ yj |ε

|x´ y|n`ε
|bjpyq|dydx

ď
C

λ

ÿ

jě1

ż

Qj

|bjpyq|

ż

txPRn:|x´y|ě2|y´yj |u

|y ´ yj |ε

|x´ y|n`ε
dxdy

for some other constant C . Let I “
ş

txPRn:|x´y|ě2|y´yj |u

|y´yj |
ε

|x´y|n`ε dx, then

I “

ż

txPRn:|x´y|ě2|y´yj |u

|y ´ yj |ε

|x´ y|n`ε
dx
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“ |y ´ yj |ε
ż

|x|ě2|y´yj |

1

|x|n`ε
dx

ď Cε,n

using polar coordinates, where Cε,n is independent of x, y, and yj . Thus,
ˇ

ˇ

ˇ

ˇ

ˇ

#

x P Rnz
ď

jě1

5Qj : |Tbpxq| ą
λ

2

+
ˇ

ˇ

ˇ

ˇ

ˇ

ď
C

λ

ÿ

jě1

ż

Qj

|bjpyq|

ż

txPRn:|x´y|ě2|y´yj |u

|y ´ yj |ε

|x´ y|n`ε
dxdy

ď
C

λ

ÿ

jě1

ż

Qj

|bjpyq|Cε,ndy

“:
C̃

λ

ÿ

jě1

ż

Qj

|bjpyq|dy

ď
C̃

λ
||f ||1.

Problem 12. Show that Theorem 5.11 still holds if the second condition of the Calderón-Zygmund kernelK is replaced by
the Hörmander condition

ż

|x´y|ą2|y´y1|

|Kpx, yq ´Kpx, y1q|dx ď C.

26



MATH 545 Notes Jiantong Liu

6 Hilbert Transforms

Recall that the Hilbert transform is defined by

Hfpxq “
1

π
lim
εÑ0

ż

|y|ąε

fpx´ yq

y
dy “ K ˚ fpxq,

which is well-defined for any integrable function. One may replace the kernel Kpxq to be the principal values of 1
x .

Definition 6.1. Let x, t P R for t ą 0. The Poisson kernel is defined by

Ptpxq “
1

π

t

t2 ` x2
.

Let us define upx, tq “ Pt ˚ fpxq “
ş

R
Ptpx´ yqfpyqdy, then u is a solution to

#

∆upx, tq “ 0 @px, tq P R2
`

upx, 0q “ lim
tÑ0`

upx, tq “ fpxq P Lp

for 1 ď p ă 8 for almost all x, on the upper half plane R2
` “ tpx, tq P R2 : t ą 0u. Instead of the real space, let us

consider it as a complex plane for z P C such that z “ Repzq ` i impzq where impzq ą 0. Therefore, z corresponds to a
pair pRepzq, impzqq P R2

`. For simplicity, let f P L1 (while the following statements still hold for general Lp functions).
Define

F pzq “ 2

8
ż

0

f̂pξqe2πiξzdξ,

then this is well-defined since f̂ is bounded. If we write

e2πiξz “ e2πiξRepzq ¨ e´2πξ Impzq,

we see that the function decays fast enough, thus F pzq is analytic in R2
`. Let us assume that f is real-valued by considering

its real part and imaginary part, then we may write

F pzq “

¨

˝

8
ż

0

f̂pξqe2πiξzdξ `

0
ż

´8

f̂pξqe2πiξz̄dξ

˛

‚`

¨

˝

8
ż

0

f̂pξqe2πiξzdξ ´

0
ż

´8

f̂pξqe2πiξz̄dξ

˛

‚

to give us the real and imaginary part of F . Since f is of real-valued, then the first term is a real-valued function; note that
the second term is complex-valued, so it is imultiplied by some real-valued function. Therefore, let us writeF pzq “ u`iv.
In fact, both u and v are related to the Hilbert transform. To see this, note that ∆u “ ∆v “ 0 if px, tq P R2

`, so the
boundary values are given by

lim
tÑ0`

upx, tq “

8
ż

0

f̂pξqe2πix¨ξdξ `

0
ż

´8

f̂pξqe2πixξdξ

“

ż

R

f̂pξqe2πix¨ξdξ

“ fpxq.

by dominant convergence theorem and the inversion formula. Therefore, u should satisfy
#

∆upx, tq “ 0, x, t P R2
`

upx, 0q “ fpxq
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which gives upx, tq “ Pt ˚ fpxq. Also, we have

vpzq “

8
ż

´8

´i sgnpξqe´2π Impzq|ξ|f̂pξqe2πiRepzqξdξ

where

sgnpξq “

#

1, ξ ě 0

´1, ξ ă 0

is the signal function. Set z “ x` it, then we represent

vpx` itq “

8
ż

´8

´i sgnpξqe´2πt|ξ|f̂pξqe2πixξdξ.

Let Qtpxq “ 1
π

x
t2`x2 and recall Ptpxq “ 1

π
t

t2`x2 , then

Pt ` iQt “
1

π

t` ix

t` x2
“

1

π
¨
i

z

is analytic on R2
` where z “ x` it.

Claim 6.2. vpx, tq “ vpx` itq “ Qt ˚ fpxq for integrable real-valued function f .

Proof. It suffices to show that
F pzq “ Pt ˚ fpxq ` iQt ˚ fpxq

where z “ x` it P R2
`. To show this, we have

F pzq “ 2

8
ż

0

f̂pξqe2πiξzdξ

“ 2

8
ż

0

¨

˝

ż

R

fpyqe´2πiξydy

˛

‚e2πiξzdξ

“ 2

ż

R

fpyq

¨

˝

8
ż

0

e´2πiξpz´yqdξ

˛

‚dy

“

ż

R

fpyq
i

πpx´ y ` itq
dy

“ pPt ` iQtq ˚ fpxq.

Theorem 6.3. Let f P SpRq or C8
c pRq, then

lim
tÑ0

Qt ˚ fpxq “
1

π
lim
εÑ0

ż

|y|ąε

fpx´ yq

y
dy “ Hfpxq

almost everywhere.

Remark 6.4. This is true for f P LppR1q for 1 ď p ă 8.
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Proof. Let ψtpxq “ 1
πxχt|x|ątu, then the Hilbert transformHfpxq “ lim

εÑ0
ψε ˚fpxq. By dominant convergence theorem,

lim
εÑ0

ppQε ´ ψεq ˚ fq “ lim
εÑ0

pQε ´ ψεq ˚ f

“ 0

Remark 6.5. Note that sup
εą0

|pQε ´ ψεq ˚ f | ď CMfpxq since |pQε ´ ψεqpyq| ď 1
ε

1

p1`p y
ε q

2 .

Let us now verify the boundedness of Hilbert transform on L2 space.

Theorem 6.6. yHfpξq “ ´i sgnpξqf̂pξq for f P SpRnq.

Proof. We know

yHfpξq “

ż

Hfpxqe´2πixξdx

“

ż

lim
tÑ0

Qt ˚ fpxqe´2πixξdx

“ lim
tÑ0

ż

Qt ˚ fpXqe´2πixξdx

“ lim
tÑ0

{Qt ˚ fpξq.

By the inversion formula for Fourier transform, we know

vpx, tq “ Qt ˚ fpxq

“

8
ż

´8

´i sgnpξqe´2πt|ξ|f̂pξqe2πixξdξ,

therefore
{Qt ˚ f “ ´i sgnpξqe´2πt|ξ|.

Hence,

yHfpξq “ lim
tÑ0

{Qt ˚ fpξq

“ lim
tÑ0

´i sgnpξqe´2πt|ξ|f̂pξq

“ ´i sgnpξqf̂pξq.

Corollary 6.7. yHfpξq “ ´i sgnpξqf̂pξq for f P L2.

Proof. For fk P S such that fk
L2

ÝÝÑ f , we know

yHfpξq “L2 lim
kÑ8

zHfkpξq

“ lim
kÑ8

p´i sgnpξqqf̂kpξq

“L2 p´i sgnpξqqf̂pξq,

therefore
yHfpξq “ p´i sgnpξqqf̂pξq

almost everywhere.
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Corollary 6.8. ||Hf ||2 “ ||f ||2 for all f P L2.

Proof. We have

||Hf ||2 “ ||yHf ||2

“ || ´ i sgnpξqf̂pξq||2

“ ||f̂ ||2

“ ||f ||2.

Corollary 6.9. For any f P Lp with 1 ă p ă 8, we have ||Hf ||p ď Cp||f ||p. Therefore, the Hilbert transform is of type
weak p1, 1q.

Theorem 6.10. LetH˚fpxq “ sup
εą0

ˇ

ˇ

ˇ

ˇ

ˇ

1
π

ş

|y|ąε

fpx´ yq 1
ydy

ˇ

ˇ

ˇ

ˇ

ˇ

, then ||H˚f ||p ď Cp||f ||p for any f P Lp where 1 ă p ă 8.

Proof.

Lemma 6.11. H˚fpxq ď MpHfqpxq ` CMfpxq almost everywhere for x P R.

Subproof. Let ψεpxq “ 1
πxχt|x|ąεu, then

1

π

ż

|y|ąε

fpx´ yq
1

y
dy “ ψε ˚ fpxq.

Let φ P SpRq be a non-negative even and decreasing function on p0,8q, supported on r´ 1
2 ,

1
2 s and

ş

φ “ 1. Now set
φεpxq “ ε´1φpx

ε q, then

ψε ˚ fpxq “ rψε ˚ fpxq ´ φε ˚ pHfqpxqs ` φε ˚ pHfqpxq,

so
|φε ˚ pHfqpxq| ď MpHfqpxq,

since |φεpxq| “ ε´1|φ
`

x
ε

˘

| ď ε´1 CN

p1`| xε |qN
for any N . In particular, if N “ 2, then we have

|φεpxq| ď
Cε´1

p1 `
|x|

ε q2
“

Cε

pε` |x|q2
ă

Cε

ε2 ` |x|2
.

Now Lemma 6.11 follows from the following two claims. ■

Claim 6.12. We have
ż

R

ε

|ε|2 ` |y|2
|fpx´ yq|dy ď CMfpxq

almost everywhere on x. Here C is independent of ε and x.

Subproof. We should start by decomposing

R “ p´ε, εq Y

˜

ď

jě1

p2jε, 2j`1εq Y p´2j`1ε,´2jεq

¸

.

And the claim easily follows. ■

Claim 6.13. We have
|ψε ˚ fpxq ´ φε ˚ pHfqpxq| ď CMfpxq.
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Subproof. Note that

|ψε ˚ fpxq ´ φε ˚ pHfqpxq| “

ˇ

ˇ

ˇ

ˇ

ż
„

ψεpyq ´
1

π
p. v.

ż

φεpzq
1

y ´ z
dz

ȷ

fpx´ yqdy

ˇ

ˇ

ˇ

ˇ

“

ż

ˇ

ˇ

ˇ

ˇ

ψεpyq ´
1

π
p. v.

ż

φεpzq
1

y ´ z
dz

ˇ

ˇ

ˇ

ˇ

¨ |fpx´ yq|dy,

but
ˇ

ˇ

ˇ

ˇ

ψεpyq ´
1

π
p. v.

ż

φεpzq
1

y ´ z

ˇ

ˇ

ˇ

ˇ

ď
Cε

ε2 ` y2
, (6.14)

so by Claim 6.12, we may prove the claim. ■

Problem 13. Prove Claim 6.12.

Problem 14. Prove Equation (6.14).

Conjecture 6.15. Let f P L2, is

lim
RÑ8

ż

tξPR2,|ξ|ăRu

f̂pξqe2πix¨ξdξ “ fpxq

almost everywhere? Note that one can define

C˚fpxq “ sup
Rą0

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ż

tξPR2:|ξ|ăRu

f̂pξqe2πix¨ξdξ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

,

so we should ask, is C˚ of type weak p2, 2q?
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7 Riesz Transforms

Definition 7.1. Let us define Rjfpxq “ Cn lim
εÑ0

ş

ty:|x´y|ąεu

xj´yj

|x´y|n`1 fpyqdy, where xj and yj are given by the jth coor-

dinate of x “ px1, . . . , xnq and y “ py1, . . . , ynq. Now set Kjpx, yq “ p. v.
xj´yj

|x´y|n`1 to be the principal values as a

Calderón-Zygmund kernel, and let K̃jpxq “ p. v.
xj

|x|n`1 , then Rjf “ K̃j ˚ f .

Remark 7.2. Recall that Hfpxq “ K ˚ fpxq where K “ 1
π p. v. 1x , then yHf “ K̂f̂ , where K̂pξq “

Ź

1
π p. v. 1x pξq “

´i sgnpξq, therefore
||Ĥf ||2 “ ||K̂f̂ ||2 ď ||K̂||8||f̂ ||2.

Definition 7.3. We define TΩfpxq “ p. v.
ş

Rn

Ωpx´yq

|x´y|n
fpyqdy, where Ω is a function that satisfies

1. Ωpλxq “ Ωpxq for all λ ą 0,

2. Ω P L1pSn´1q,

3.
ş

Sn´1

Ωdσ “ 0. (This allows the limit in principal values to exist.)

Problem 15. Let Ω P L1pSn´1q and Ωpλxq “ Ωpxq for all λ ą 0. Suppose

lim
εÑ0

ż

|x´y|ąε

Ωpx´ yq

|x´ y|n
fpyqdy

exists in R almost everywhere for all f P C8
c pRnq. Show that

ş

Sn´1

Ωdσ “ 0.

Example 7.4. Set Ωpxq “
xj

x for all x “ px1, . . . , xnq P Rn.

Theorem 7.5. We have

K̂Ωpξq “

ż

Sn´1

Ωpy1q

ˆ

log
1

|y1 ¨ ξ1|
´
iπ

2
sgnpy1 ¨ ξ1q

˙

dσpy1q

where ξ1 “
ξ

|ξ|
P Sn´1, in the sense of distributions.

Proof. For any ε ą 0, let Kεpxq “
Ωpxq

|x|n
¨ χtεă|x|ă 1

ε u P L1, then define K̂Ωpξq “ lim
εÑ0

K̂εpξq. Then

K̂εpξq “

ż

Rn

Kεpxqe´2πix¨ξdx

“

ż

tεă|x|ă 1
ε u

Ωpx1q

|x|n
e´2πix¨ξdx

“

ż

Sn´1

1
ε
ż

ε

Ωpy1q

rn
e´2πir|ξ|py1

¨ξ1
qrn´1drdσpy1q

“

ż

Sn´1

Ωpy1q

¨

˚

˝

1
ε
ż

ε

e´2πir|ξ|py1
¨ξ1

q dr

r

˛

‹

‚

dσpy1q

“

ż

Sn´1

Ωpy1q

¨

˚

˝

1
ż

ε

e´2πir|ξ|py1
¨ξ1

q dr

r
`

1
ε
ż

1

e´2πir|ξ|py1
¨ξ1

q dr

r

˛

‹

‚

dσpy1q
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“

ż

Sn´1

Ωpy1q

¨

˝

1
ż

ε

´

e´2πir|ξ|py1
¨ξ1

q ´ 1
¯ dr

r

˛

‚dσpy1q `

ż

Sn´1

Ωpy1q

¨

˚

˝

1
ε
ż

1

e´2πir|ξ|py1
¨ξ1

q dr

r

˛

‹

‚

dσpy1q

“

ż

Sn´1

Ωpy1q

¨

˝

1
ż

ε

`

cosp2πr|ξ|y1ξ1q ´ 1
˘ dr

r

˛

‚dσpy1q `

ż

Sn´1

Ωpy1q

¨

˚

˝

1
ε
ż

1

cosp2πr|ξ|y1ξ1q
dr

r

˛

‹

‚

dσpy1q

´ i

ż

Sn´1

Ωpy1q

1
ε
ż

ε

sinp2πr|ξ|y1ξ1q
dr

r
dσpy1q

“: I1 ` iI2.

Set S “ 2πr|ξ| ¨M 1 ¨ |y1ξ1|, then

I2 “

ż

Sn´1

¨

˚

˝

2π|ξ||y1
¨ξ1

| 1ε
ż

2π|ξ||y1¨ξ1|ε

psinpSqq sgnpy1 ¨ ξ1q
dS

S

˛

‹

‚

dσpy1q,

then for ε Ñ 0, we have

I2 Ñ

ż

Sn´1

Ωpy1q sgnpy1 ¨ ξ1qq

8
ż

0

sinpSq

S
dSdσpy1q

“
π

2

ż

Sn´1

Ωpy1q sgnpy1 ¨ ξ1qdσpy1q.

Similarly, we have

I1 “

ż

Sn´1

Ωpy1q

2π|ξ||y1
¨ξ1

|
ż

2π|ξ||y1¨ξ1|¨ε

cospSq ´ 1

S
dSdσpy1q `

ż

Sn´1

Ωpy1q

2π|ξ|¨|y1
¨ξ1

| 1ε
ż

2π|ξ|¨|y1¨ξ1|

cospSq

S
dSdσpy1q.

For ε Ñ 0, this time

I1 Ñ

ż

Sn´1

Ωpy1q

2π|ξ|¨|y1
¨ξ1

|
ż

0

cospSq ´ 1

S
dSdσpy1q `

ż

Sn´1

Ωpy1q

8
ż

2π|ξ|¨|y1¨ξ1|

cospSq

S
dSdσpy1q,

therefore

lim
εÑ0

I1 “

ż

Sn´1

Ωpyq

2π|ξ|
ż

0

cospSq ´ 1

S
dS `

8
ż

2π|ξ|

cospSq

S
dS `

2π|ξ|
ż

2π|ξ|¨|ξ1¨y1|

dS

S
dσ

“

ż

Sn´1

Ωpy1q

2π|ξ|
ż

2π|ξ|¨|y1¨ξ1|

dS

S
dσpy1q

“

ż

Sn´1

Ωpy1q log
1

|y1 ¨ ξ1|
dσpy1q.

Remark 7.6. If Ω is odd, then K̂Ωpξq “ ´
ş

Sn´1

Ωpy1q iπ
2 sgnpy1 ¨ ξ1qdσpy1q which is bounded above by ||Ω||L1pSn´1q.
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Corollary 7.7. Since
Ź

p. v.p
xj

|x|n`1 q is bounded, then kj is bounded on L2.

Remark 7.8. If Ω is even, then K̂Ωpξq “
ş

Sn´1

Ωpy1q log 1
|y1¨ξ1|

dσpy1q.

Definition 7.9. Let us define Ωepy1q “ 1
2 pΩpy1q ` Ωp´y1q, and Ωopy1q “ 1

2 pΩpy1q ´ Ωp´y1qq, then Ω “ Ωe ` Ω0,
Moreover, define L logLpSn´1q “ tΩ :

ş

Sn´1

|Ωpy1q| log`
|Ωpy1q|dσpy1q ă 8u, where log`

ptq “ maxt0, logptqu.

Proposition 7.10. L logLpSn´1q Ě LqpSn´1q for all q ą 1.

Theorem7.11. SupposeΩ satisfies property 1 and 3 in Definition 7.3, and supposeΩ0 P L1pSn´1q andΩe P L logLpSn´1,

then
Ź

p. v. Ωpxq

|x|n
is a bounded function.

This can be done by setting 2´k´1 ď |y1ξ1| ď 2´k for all k ą 0.

Remark 7.12.

1. Note that Kpx´ yq “ p. v. Ωpx´yq

px´yqn
is not a standard Calderón-Zygmund kernel, unless Ω is smooth enough.

2. If Ω P L logLpSn´1q, then TΩ is of type weak p1, 1q.

3. Here is an open problem: let Ω P L1pSn´1q and suppose Ω satisfies property 1 and 3 in Definition 7.3, and is an
odd function. Does TΩfpxq “ p. v.

ş Ωpx´yq

|x´y|n
fpyqdy define a weak p1, 1q type operator?

Problem 16. Show that
LqpSn´1q Ď L logLpSn´1q Ď L1pSn´1q

for any 1 ă q ă 8.
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8 Method of Rotation

Recall that in Definition 7.3 we defined TΩfpxq “ p. v. Ωpx´yq

|x´y|n
fpyqdy, where f P C8

c pRnq, where Ω satisfies

1. Ωpλxq “ Ωpxq for all λ ą 0 and all x P Rn,

2. Ω P L1pSn´1q, and

3.
ş

Sn´1

Ωdσ “ 0.

When Ω is odd, we know the Fourier transform

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

Ź

p. v. Ωp¨q

|¨|n

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ď C||Ω||L1pSn´1q is bounded. This suggests the following

corollary.

Corollary 8.1. TΩ can be extended to an operator bounded on L2pRnq.

Note that we cannot apply Calderón-Zygmund theorem directly which gives a bounded operator in any Lp-space, but
we may still prove the following result.

Theorem 8.2. If Ω is odd and satisfies the three properties above, then ||TΩf ||p ď Cp||f ||p for any f P C8
c pRnq and any

1 ă p ă 8.

To apply the method of rotation, we decompose Rn into W ˆ WK where W – R1. On W , we treat the operator as
a Hilbert transform, which allows the estimate in Lp-sense.

Proof. Let f P C8
c pRnq, then

Tfpxq “ lim
εÑ0

ż

tyPRn:|y|ąεu

Ωpyq

|y|n
fpx´ yqdy by definition

“ lim
εÑ0

ż

Sn´1

Ωpy1q

8
ż

ε

fpx´ ry1q
dr

r
dσpy1q by polar coordinate formula

“
1

2
lim
εÑ0

ż

Sn´1

Ωpy1q

ż

trPR:|r|ąεu

fpx´ ry1q
dr

r
dσpy1q since Ω is odd

“
1

2
lim
εÑ0

ż

Sn´1

Ωpy1q

¨

˚

˝

ż

εă|r|ă1

fpx´ ry1q
dr

r
´

ż

εă|r|ă1

fpxq
dr

r

˛

‹

‚

dσpy1q

`
1

2

ż

Sn´1

Ωpy1q

ż

|r|ą1

fpx´ ry1q
dr

r
dσpy1q as

ż

Sn´1

Ω “ 0

“
1

2

ż

Sn´1

Ωpy1q lim
εÑ0

¨

˚

˝

ż

εă|r|ă1

fpx´ ry1q
dr

r
´

ż

εă|r|ă1

fpxq
dr

r

˛

‹

‚

dσpy1q

`
1

2

ż

Sn´1

Ωpy1q

ż

|r|ą1

fpx´ ry1q
dr

r
dσpy1q

“
1

2

ż

Sn´1

Ωpy1q lim
εÑ0

¨

˚

˝

ż

εă|r|ă1

fpx´ ry1q
dr

r
´ fpxq

ż

εă|r|ă1

dr

r

˛

‹

‚

dσpy1q

`
1

2

ż

Sn´1

Ωpy1q

ż

|r|ą1

fpx´ ry1q
dr

r
dσpy1q
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“
1

2

ż

Sn´1

Ωpy1q lim
εÑ0

¨

˚

˝

ż

εă|r|ă1

fpx´ ry1q
dr

r

˛

‹

‚

dσpy1q

`
1

2

ż

Sn´1

Ωpy1q

ż

|r|ą1

fpx´ ry1q
dr

r
dσpy1q

“
1

2

ż

Sn´1

Ωpy1q lim
εÑ0

ż

|r|ąε

fpx´ ry1q
dr

r
dσpy1q.

Now for any y1 P Sn´1, we have Hy1fpxq “ lim
εÑ0

ş

|r|ąε

fpx´ ry1qdr
r .

Problem 17. Prove that
||Hy1f ||p ď Cp||f ||p

for any f P C8
c pRnq or LppSRn

q and any 1 ă p ă 8.

Now Tnfpxq “ 1
2

ş

Sn´1

Ωpy1qHy1fpxqdσpy1q, hence

||Tnf ||p ď

ż

Sn´1

|Ωpy1q|||Hy1f ||pdσpy1q.

Problem 17 concludes the proof.

Recall that the Riesz transform is given by

Rjfpxq “ Cn p. v.

ż

yj
|y|n`1

fpx´ yqdy.

Lemma 8.3. We have
Ź

p. v. Cn
yj

|y|n`1 “ ´i
ξj
|ξ|

.

Proof. Observe that 1
1´n

B
Bxj

´

1
|x|n´1

¯

“
xj

|x|n`1 for n ą 1. Therefore,

Ź

p. v. Cn
yj

|y|n`1 “
1

1 ´ n

Ź

B
Bxj

1
|x|n´1 pξq

“
1

1 ´ n
2πiξj

{1

|x|n´1
pξq.

Claim 8.4.
{1

|x|n´1
pξq “ Cpnq

1

|ξ|

where Cpnq depends on the volume of the unit ball.

Subproof. Note that 1
|x|n´1 is regular, so its Fourier transform {1

|x|n´1 is radial. Moreover, it is homogeneous of degree ´1:

when we dilate by λ ą 0, we get {1
|x|n´1 pλξq “ λ´n {1

| x
λ |

n´1 pξq “ λ´1{1
|x|n´1 pξq. Therefore,

{1

|x|n´1
pξq “ Cpnq

1

|ξ|

for some constant Cpnq. ■
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Now
Ź

p. v. Cn
yj

|y|n`1 “
1

1 ´ n
2πiCpnq

ξj
|ξ|
,

and make a choice of Cpnq in terms of Cn.

Corollary 8.5. {Rjfpξq “

Ź

p. v. Cn
xj

|x|n`1 pξqf̂pξq “ ´i
ξj
|ξ|
f̂pξq.

Corollary 8.6.
n
ř

j“1

R2
j “ ´I , that is,

n
ř

j“1

R2
jf “ ´f for all f P SpRnq where R2

j “ Rj ˝Rj .

Theorem 8.7. For 1 ď j, k ď n and any 1 ă p ă 8,
ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

B2

BxkBxj
u

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

p

ď Cp||∆u||p

where ∆ is the Laplacian operator.

Proof.

Claim 8.8. B
2u

BxkBxj
“ ´RjRk∆u.

Subproof. We may prove that {B2u
BxkBxj

“

Ź

´RjRk∆u. Indeed,

{B2u

BxkBxj
pξq “ p2πiξkqp2πiξjqûpξq

“ ´4π2ξkξj ûpξq

“ p´
iξj
|ξ|

qp´
iξk
|ξ|

q4π2|ξ|2ûpξq

“

Ź

´RjRk∆u.

■

Therefore,
ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

B2

BxkBxj
u

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

p

ď ||RjRk∆u||p ď Cp||∆u||p.
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9 Littlewood-Paley Theory

Let ∆j “ tx P R : 2j ă |x| ă 2j`1u for j P Z. We define ySjfpξq “ χ∆j pξqf̂pξq for f P L2, then Sjfpξq “
~

zSjfpξq.

Now let Sfpxq “

˜

ř

jPZ
|Sjfpxq|2

¸
1
2

, then

||Sf ||2 “

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

˜

ÿ

jPZ
|Sjfpxq|2

¸
1
2

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

2

“

˜

ÿ

jPZ

ż

|Sjfpxq|2

¸
1
2

“

˜

ÿ

jPZ
||Sjf ||22

¸
1
2

“

˜

ÿ

jPZ
||ySjf ||22

¸
1
2

“

˜

ÿ

jPZ
||χ∆j f̂ ||22

¸
1
2

“

¨

˚

˝

ÿ

jPZ

ż

∆j

|f̂ ||2

˛

‹

‚

1
2

“ ||f̂ ||2

“ ||f ||2.

We now partition R “
Ť

jPZ
∆j into a union of disjoint subsets, with ||Sf ||2 “ ||f ||2 for all f P L2.

Theorem 9.1 (Littlewood-Paley). Let 1 ă p ă 8, then there exists C1, C2 P R such that for all f P LppRq, we have

C2||f ||p ď ||Sf ||p ď C1||f ||p.

Let ψ P SpRq be a non-negative bump function such that

• supppψq Ď t1
2 ď |x| ď 4u, and

• ψpxq “ 1 if 1 ď |x| ď 2,

then let ψjpξq “ ψp2´jξq. In this new language, define yS˚
j fpξq “ ψjpξqf̂pξq, then S˚

j fpxq “ ψ̌j ˚ fpxq, and define

S˚fpxq “

˜

ř

j

|S˚
j fpξq|2

¸
1
2

, and Kj “ ψ̌j P L1.

Theorem 9.2. For any f P Lp,
C1||f ||p ď ||S˚f ||p ď C2||f ||p.

Proof. Note that tS˚
j fu “ tS˚

1 f, S
˚
´1f, S

˚
2 f, S

˚
´2f, ¨ ¨ ¨ u, then set T⃗ fpxq “ tSjfpxqujPZ. Now for a sequence tajujPZ

we define ||tajujPZ||ℓ2 “

˜

ř

j

|aj |2

¸
1
2

, then

T⃗ fpxq “ tS˚
j fpxqujPZ “ tKj ˚ fpxqujPZ
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and define K⃗ “ tKjujPZ with K⃗ ˚ f “ tKj ˚ fujPZ. Therefore

||T⃗ fpxq||ℓ2 “

˜

ÿ

j

|S˚
j fpxq|2

¸
1
2

“ S˚fpxq

and
||S˚f ||p “ || ||T⃗ f ||ℓ2 ||p “ ||T⃗ f ||Lppℓ2q.

When p “ 2, this can be done by using

Theorem 9.3 (Calderón-Zygmund). Let T⃗ fpxq “ K⃗ ˚ fpxq such that for some ε ą 0, we have

||K⃗px´ yq ´ K⃗px´ y1q||ℓ2 ď C
|y ´ y1|ε

|x´ y|1`ε

whenever |x´ y| ą 2|y´ y1|. If ||K⃗ ˚ f ||L2pℓ2q ď C||f ||2 for all f P L2, then ||K⃗ ˚ f ||Lppℓ2q ď Cp||f ||p for all f P Lp

where 1 ă p ă 8.

Remark 9.4. For any λ ą 0 and any f P L1, we have

|tx : ||K⃗ ˚ fpxq||ℓ2 ą λu| ď
C||f ||1

λ
.

It then remains to show that the kernel K⃗ “ tψ̌jujPZ is Calderón-Zygmund. Most importantly, we verify that there
exists some ε ą 0 such that

||K⃗px´ yq ´ K⃗px´ y1q||ℓ2 ď C ¨
|y ´ y1|ε

|x´ y|1`ε

whenever |x´ y| ą 2|y ´ y1|. By definition, it suffices to show that

||K⃗px´ yq ´ K⃗px´ y1q||ℓ2 ď

˜

8
ÿ

j“´8

|ψ̌jpx´ yq ´ ψ̌jpx´ y1q|2

¸
1
2

.

By Mean Value Theorem, there exists some η between x´ y and x´ y1 such that

|ψ̌jpx´ yq ´ ψ̌jpx´ y1q| “ |
`

ψ̌j

˘1
pηq||y ´ y1|.

Therefore,

ψ̌jpxq “

ż

ψjpξqe2πiξ¨xdξ

“

ż

ψp2´jξqe2πiξ¨xdξ

“ 2j
ż

ψpξqe2πiξ¨p2jxqdξ

“ 2jψ̌p2jxq

by a change of variables, and so
ˇ

ˇ

ˇ

`

ψ̌j

˘1
pxq

ˇ

ˇ

ˇ
“

ˇ

ˇ

ˇ
2j ¨ 2j

`

ψ̌
˘1

p2jxq

ˇ

ˇ

ˇ

ď
CN22j

p1 ` 2j |x|qN

for all N ě 2. Let us write

|η| “ |θpx´ yq ` p1 ´ θqpx´ y1q|
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“ |px´ y1q ´ θpy ´ y1q|

“ |px´ yq ` p1 ´ θqpy ´ y1q|

ě |x´ y| ´ p1 ´ θq|y ´ y1|

ě
1

2
|x´ y|

for some θ P r0, 1s and using our assumption on the distance. Therefore, by substitution,

|ψ̌jpx´ yq ´ ψ̌jpx´ y1q| ď
CN22j

p1 ` 2j |η|qN
|y ´ y1|

ď CN

˜

ÿ

jPZ

24j |y ´ y1|2

p1 ` 2j |x´ y|q2N

¸
1
2

“ CN |y ´ y1|

˜

ÿ

jPZ

24j

p1 ` 2j |x´ y|q2N

¸
1
2

“ CN |y ´ y1|

¨

˝

ÿ

1ě2j |x´y|

24j

p1 ` 2j |x´ y|q2N
`

ÿ

1ă2j |x´y|

24j

p1 ` 2j |x´ y|q2N

˛

‚

1
2

ď CN |y ´ y1|

¨

˝

ÿ

1ě2j |x´y|

24j `
ÿ

1ă2j |x´y|

24j

p2j |x´ y|q2N

˛

‚

1
2

ď CN |y ´ y1|

¨

˝

ÿ

1ě2j |x´y|

22j `
ÿ

1ă2j |x´y|

22j

p2j |x´ y|qN

˛

‚.

For N large enough, we can bound both terms, for instance the second term is bounded above by |x´ y|´2.

Lemma 9.5 (Khinchin’s Inequality). Let tωnuNn“1 be independent random variables taking values in t˘1u with equal

probabilities, then Ep|
N
ř

n“1
anωn|pq „

ˆ

N
ř

n“1
|an|2

˙

p
2

for any 0 ă p ă 8. Here we use the notation that A „ B if and

only if there exists C1, C2 P R such that C1B ď A ď C2B.

Proof. Let us prove the case where 1 ă p ă 8. We know that 1
2 pex ` e´xq ď e

x2

2 for all x P R. Assume an P R for all
n P t1, . . . , Nu, and let µ ą 0, then

ż

Ω

e
µ
ř

n
anωn

dP “ E

¨

˝e
µ

N
ř

n“1
anωn

˛

‚

“ E

˜

N
ź

n“1

eµanωn

¸

“

N
ź

n“1

E peµanωnq

“

N
ź

n“1

1

2

`

eµan ` e´µan
˘

ď

N
ź

n“1

e
µ2a2

n
2
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For any λ ą 0 and µ ą 0, we know

P pt
ÿ

n

anωn ě λuq ď

N
ź

n“1

e
µ2a2

n
2 e´µλ.

In particular, take µ “ λ
ř

n
a2
n

, then

P pt
ÿ

n

anωn ě λuq ď e
´ λ2

2
ř

n
a2
n .

Similarly, we have that

P pt
ÿ

n

anωn ď ´λuq ď e
´ λ2

2
ř

n
a2
n .

Therefore,

P pt|
ÿ

n

anωn| ě λuq ď 2e
´ λ2

2
ř

n
a2
n .

This gives

Er|
ÿ

n

anωn|ps “

ż

Ω

|
ÿ

n

anωn|pdP

“ p

8
ż

0

λp´1P pt|
ÿ

n

anωn| ą λuqdλ

ď 2p

8
ż

0

λp´1e
´ λ2

2
ř

n
a2
n dλ

λÑp
ř

n
a2
nq 1

2λ

ÝÝÝÝÝÝÝÝÑ 2pp
ÿ

n

a2nq
p
2

8
ż

0

λp´1e´ λ2

2 dλ

“ 2pCpp
ÿ

n

a2nq
p
2 .

by Fubini theorem.
Conversely,

ÿ

n

|an|2 “ Er|
ÿ

n

anωn|2s

“

ż

Ω

|
ÿ

n

anωn||
ÿ

n

anωn|dP

ď Er|
ÿ

n

anωn|ps
1
pEr|

ÿ

n

anωn|p
1

s
1
p1

ď CpEr|
ÿ

n

anωn|ps
1
p p
ÿ

n

|an|2q
1
2

by Hölder inequality. In particular,
˜

ÿ

n

|an|2

¸
1
2

ď CpEr|
ÿ

n

anωn|ps
1
p

and therefore
˜

ÿ

n

|an|2

¸

p
2

ď CpEr|
ÿ

n

anωn|ps.
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Theorem 9.6. Let T be a linear operator such that ||Tf ||p ď Cp||f ||p for any f P Lp and 1 ă p ă 8, then
||p

ř

jPZ
|Tfj |2q

1
2 ||p ď C̃p||p

ř

jPZ
|fj |2q

1
2 ||p.

Proof. We may assume the sum is finite, and later taking a limit to prove the general case. By Lemma 9.5, we have

p
ÿ

j

|Tfj |2q
p
2 „ Ep|

ÿ

j

Tfjωj |pq

“

ż

Ω

|T p
ÿ

j

fjωjq|pdP.

Therefore, by Fubini theorem,

||p
ÿ

jPZ
|Tfj |2q

1
2 ||p ď

ż

X

ż

Ω

|T p
ÿ

j

fjωjq|pdPdx

“

ż

Ω

ż

X

|T p
ÿ

j

fjωjq|pdxdP

ď Cp
p

ż

Ω

ż

X

|
ÿ

j

fjωj |pdxdP

“ Cp
p

ż

X

Er|
ÿ

j

fjωj |psdx

ď C̃p||p
ÿ

j

|fj |2q
1
2 ||pp.

Lemma 9.7. Let {Sra,bqfpξq “ χra,bqpξqf̂pξq, then

Sra,bq “
i

2
pMaHM´a ´MbHM´bq,

where H represents the Hilbert transform, and Ma is defined by Mafpxq “ e2πiaxfpxq.

Proof. This is because Ŝra,bq “ i
2 r

Ź

MaHM´a ´MbHM´bs.

Proof of Theorem 9.1. Note that ySjfpξq “ χ∆j
pξqf̂pξq and yS˚

j fpξq “ ψjpξqf̂pξq. We know that

||p
ÿ

j

|S˚
j f |2q

1
2 ||p ď Cp||f ||p

for any 1 ă p ă 8 and any function f . Since SjS
˚
j f “ Sjf , then

||p
ÿ

j

|Sjf |2q
1
2 ||p “ ||p

ÿ

j

|SjS
˚
j f |2q

1
2 ||p.

By Lemma 9.7,

Sj “
i

2
rM2jHM´2j ´M2j`1HM´2j`1s `

i

2
rM´2j`1HM2j`1 ´M´2jHM2j s

“
i

2
Maj

HM´aj
.
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Claim 9.8. We have
||p
ÿ

j

|Maj
HM´aj

S˚
j f |2q

1
2 ||p ď Cp||f ||p.

Subproof.

||p
ÿ

j

|MajHM´ajS
˚
j f |2q

1
2 ||p ď ||p

ÿ

j

|HpM´ajS
˚
j fq|2q

1
2 ||

ď ||p
ÿ

j

|M´ajS
˚
j f |2q

1
2 ||p

“ ||p
ÿ

j

|S˚
j f |2q

1
2 ||p

ď Cp||f ||p

by Theorem 9.6. ■

In particular, this shows that
ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

˜

ÿ

j

|Sjf |2

¸
1
2

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

p

ď Cp||f ||p,

so
ż

R

ÿ

j

SjfSjg “
ÿ

j

⟨Sjf, Sjg⟩

“
ÿ

j

〈
ySjf,ySjg

〉
“
ÿ

j

〈
χ∆j

f̂ , χ∆j
ĝ
〉

“
ÿ

j

ż

∆j

f̂ ¯̂g

“

ż

R

f̂ ¯̂g

“

〈
f̂ , ĝ

〉
“ ⟨f, g⟩ .

For any 1 ă p ă 8, let p1 be the conjugate of p, then

||f ||p “ sup
gPLp1

||g||p1 “1

| ⟨f, g⟩ |

“ sup
gPLp1

||g||p1 “1

ż

R

ÿ

j

SjfSjg

ď sup
gPLp1

||g||p1 “1

ż

p
ÿ

j

|Sjf |2q
1
2 p
ÿ

j

|Sjg|2q
1
2

ď sup
gPLp1

||g||p1 “1

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

˜

ÿ

j

|Sjf |2

¸
1
2

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

p

Cp

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

˜

ÿ

j

|Sjg|2

¸
1
2

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

p1
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ď sup
gPLp1

||g||p1 “1

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

˜

ÿ

j

|Sjf |2

¸
1
2

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

p

Cp||g||p1

“ Cp

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

˜

ÿ

j

|Sjf |2

¸
1
2

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

p

.

Problem 18. Prove Theorem 9.9.

Theorem 9.9. Let ψ P SpRnq with ψp0q “ 0. For each j P Z, let Sj be given by pySjfqpξq “ ψp2´jξqf̂pξq, then for any
1 ă p ă 8,

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

˜

ÿ

j

|Sjf |2

¸
1
2

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

p

ď Cp||f ||p.

However, if
ř

j

|ψp2´jξq|2 is a constant for every ξ ‰ 0, then

||f ||p ď Cp

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

˜

ÿ

j

|Sjf |2

¸
1
2

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

p

.
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10 Multipliers

For any f P L2 X Lp, let {Tfpξq “ mpξqf̂pξq, where ξ P Rn and m is a measurable function.

Definition 10.1. Suppose T is such that for some p P r1,8s, ||Tf ||p ď Cp||f ||p for any f P Lp, then we say m is an
Lp-multiplier.

If m is an Lp-multiplier, then T can be extended to an operator which bounded on Lp.
Now define T “ T ext to be the extension. For any f P Lp where 1 ď p ă 8, there exists a sequence tfkukě1 Ď

SpRnqf such that fk
Lp

ÝÝÑ f , where tTfkukě1 is Cauchy inLp. Therefore, there exists g P Lp such that g “Lp lim
kÑ8

Tfk ,

or equivalently, ||Tfk ´ g||p Ñ 0 as k Ñ 8. We define Tf “ T extf “ g.
Let D “ tξ P R2 : |ξ| ď 1u, then we may define

zTDfpξq “ χDpξqf̂pξq

for f P SpR2q, therefore
||TDf ||2 ď ||f ||2

for all f P SpR2q. However, it is not true that ||TDf ||p ď ||f ||p for all f P SpR2q if p ‰ 2.

Theorem 10.2. m is an L2-multiplier if and only if m P L8.

Proof. Note that for any f P L2, we have

||Tf ||2 “ ||xTf ||2

“ ||mf̂ ||2

ď ||m||8||f̂ ||2

“ ||m||8||f ||2

ď C||f ||2.

Conversely, suppose T is anL2-multiplier, then we define ||T || “ ||T ||L2ÑL2 via sup
0‰fPL2

||Tf ||2
||f ||2

ă 8. Assume ||T || ‰ 0,

otherwise we have ||Tf ||2 “ 0 for all f P L2, thus m ” 0 almost everywhere, which means m P L8.

Claim 10.3. |mpξq| ď 2||T || for almost every ξ P Rn. Equivalently, mptξ : |mpξq| ě 2||T ||uq “ 0.

Subproof. Let Ek “ tξ P Rn : 2k ď |ξ| ď 2k`1u, then tξ : |mpξq| ą 2||T ||u “
Ť

kPZ
Ek . We will show that |Ek| “ 0 for

all k P Z for Lebesgue measure | ¨ |. Suppose not, then there exists k P Z such that |Ek| ą 0, then let ĝ “ χEn
, then

4||T ||2|Ek| ď

ż

Ek

|m|2

“

ż

|m|2|ĝpξq|2

“ ||mĝ||22

“ ||Tg||22

ď ||T ||2||ĝ||22

“ ||T ||2|Ek|,

therefore 4||T ||2 ď ||T ||2, which means ||T || “ 0, contradiction. ■

Problem 19. Prove that if m is a L2-multiplier, then ||m||8 “ ||T ||.
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Definition 10.4. We define the Sobolev space L2
αpRnq “ tf : p1 ` |ξ|2q

α
2 f̂pξq P L2u Ď L2pRnq. The Sobolev norm is

defined by

||f ||L2
α

“

¨

˝

ż

Rn

p1 ` |ξ|2qα|f̂pξq|2dξ

˛

‚

1
2

.

We may also defined general Sobolev space as Lp
αpRnq “ tf : p1 ` |ξ|2q

α
2 f̂pξq P Lpu.

Lemma 10.5. If α ą n
2 and f P L2

αpRnq, then f̂ P L1pRnq. In particular, f is continuous and bounded.

Proof. Note that
ż

Rn

|f̂pξq|dξ “

ż

Rn

1

p1 ` |ξ|2q
α
2

p1 ` |ξ|2q
α
2 |f̂pξq|dξ

ď

¨

˝

ż

Rn

1

p1 ` |ξ|2qα
dξ

˛

‚||f ||L2
α

by Cauchy-Schwartz. When α ą n
2 , the integral is bounded since 1

p1`|ξ|2qα
„ 1

|ξ|2α
P L1pRnzBp1qq whenever |ξ| ą 1.

This gives
ż

Rn

|f̂pξq|dξ “ Cn,α||f ||L2
α
.

Theorem 10.6. Let m P L2
α with α ą n

2 , then m is an Lp-multiplier for any 1 ď p ď 8.

Proof. Recall that xTf “ mf̂ , then by Lemma 10.5, m̌ P L1pRnq, therefore Tf “ m̌˚f , where m̌pxq “
ş

mpξqe2πiξ¨xdξ.
Therefore,

||Tf ||1 “ ||m̌ ˚ f ||1

ď ||m̌||1||f ||1

ď C||f ||1

for any f P L1 X L2. Moreover,

||Tf ||8 ď ||f ||8||m̌||1

ď C||f ||8.

By the interpolation theorem, ||Tf ||p ď Cp||f ||p for any f P Lp X L2.

Lemma 10.7. Letm P L2
αpRnq with α ą n

2 . For any λ ą 0, we define Tλ by yTλfpξq “ mpλξqf̂pξq for any f P L2 XLp.
Then

ż

Rn

|Tλfpxq|2upxqdx ď C

ż

Rn

|fpxq|2Mupxqdx,

where M is the Hardy-Littlewood maximal function, u ě 0 is a measurable function, and C is a constant independent of
u, f , and λ. Here we may define a new measure dµ “ upxqdx.

Proof. Let K “ m̌, i.e., K̂ “ m. Since m P L2
α, then p1 ` |ξ|2q

α
2 m̂pξq P L2, that is, p1 ` |ξ|2q

α
2 m̌pξq P L2. Now

m̌pξq “ m̂p´ξq, so ||m||L2
α

“ ||p1 ` |ξ|2q
α
2 Kpξq||L2 . Now Tλfpxq “ Kλ ˚ fpxq, where Kλpxq “ λ´nKpλ´1xq.

Now

ż

Rn

|Tλfpxq|2upxqdx ď

ż

Rn

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ż

Rn

λ´nKpλ´1px´ yqqfpyqdy

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

2

udx
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ď

ż

Rn

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ż

Rn

λ´nKpλ´1px´ yqq
1 ` |λ´1px´ yq|2s

α
2

1 ` |λ´1px´ yq|2s
α
2
fpyqdy

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

2

udx

ď

ż

Rn

¨

˝

ż

Rn

ˇ

ˇKpλ´1px´ yqqr1 ` |λ´1px´ yq|2s
α
2

ˇ

ˇ

2
dy

˛

‚

ż

Rn

λ´2n|fpyq|2

r1 ` |λ´1px´ yq|2sα
dyupxqdx

ď ||m||L2
α

ż

Rn

ż

Rn

λ´n|fpyq|2

r1 ` λ´1px´ yq|sα
dyupxqdx

“ Cα

ż

Rn

|fpyq|2

¨

˝

ż

Rn

λ´nupxq

p1 ` |λ´1px´ yq|2qα
dx

˛

‚dy

ď Cα

ż

Rn

|fpyq|2Mupyqdy

by Cauchy-Schwartz.

Problem 20. Let m P SpRnq. Prove that m is an Lp-multiplier for any 1 ď p ď 8.

Problem 21. Let 1 ď p ď 8. Prove that m is an Lp-multiplier if and only if m is an Lp1

-multiplier.

Problem 22. Prove that L2
αpRnq Ď L2

βpRnq if α ě β.

Theorem 10.8 (Hörmender Multiplier Theorem). Let ψ P C8 be a radial function supported on tξ : 1
2 ď |ξ| ď 2u such

that
ř

jPZ
|ψp2´jξq|2 “ 1 for any ξ ‰ 0. Let xTfpξq “ mpξqf̂pξq such that sup

jPZ
p||mp2j ¨qψp¨q||L2

α
ă 8 for some α ą n

2 .

Then M is an Lp-multiplier for any 1 ă p ă 8. That is, ||Tf ||p ď Cp||f ||p for any f P L2 X Lp.

Proof. We have ySjfpξq “ ψp2´jξqf̂pξq for all j P Z, and ||

˜

ř

j

|Sjf |2

¸
1
2

||p „ ||f ||p for all 1 ă p ă 8. Define

ψ1pξq “ 1 if 1
2 ď |ξ| ď 2, with supppψ1q Ď t 1

4 ď |ξ| ď 4u. We have set yS1
jfpξq “ ψ1p2´jξqf̂pξq and that

ψp2´jξqψ1p2´jξq “ ψp2´jξq. Therefore, SjTjS
1
j “ SjT , which is equivalent to saying that {SjTjSjpfq “ ySjT pfq. By

Theorem 9.1,
||Tf ||p ď Cp||

ÿ

j

`

|SjTjS
1
jf |2

˘
1
2 ||p.

Let gj “ S1
jf , then SjTjS

1
jf “ SjTgj , and {SjTfpξq “ ψp2´jξqmpξqf̂pξq. By Lemma 10.7,

ż

Rn

|SjTfpxq|2upxqdx ď C

ż

Rn

|f |2Mupxqdx.

We may assume that p ą 2, since the case where 1 ă p ă 2 follows easily. By Hölder inequality, we have

||p
ÿ

jPZ
|SjTjgj |2q

1
2 ||p “

¨

˝

ż

Rn

p
ÿ

j

|SjTgj |2q
p
2

˛

‚

1
p

“ sup
||h||

p
p
2 q1 “1

¨

˝

ż

Rn

ÿ

j

|SjTjgj |2hpxqdx

˛

‚

1
2

ď C sup
||h||

p
p
2 q1 “1

¨

˝

ż

Rn

ÿ

j

|gjpxq|2Mhpxqdx

˛

‚

1
2
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ď C sup
||h||

p
p
2 q1 “1

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

˜

ÿ

j

|gjpxq|2

¸
1
2

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

p

||Mh||
p p

2 q
1 .

Here notice that ||Mh||
p p

2 q
1 ď Cp||h||

p p
2 q

1 , therefore we have

||p
ÿ

jPZ
|SjTjgj |2q

1
2 ||p ď C sup

||h||
p
p
2 q1 “1

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

˜

ÿ

j

|gjpxq|2

¸
1
2

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

p

||Mh||
p p

2 q
1

ď Cp

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

˜

ÿ

j

|gjpxq|2

¸
1
2

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

p

“ Cp

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

˜

ÿ

j

|S1
jf |2

¸
1
2

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

p

.

Corollary 10.9. Let xTfpξq “ mpξqf̂pξq. Let m P Ck be away from the origin for k “
“

n
2

‰

` 1. If for any β P Nn
0 with

|β| ď k, we have

sup
Rą0

R|β|

¨

˚

˝

1

kn

ż

Ră|ξ|ă2R

|Dβmpξq|2dξ

˛

‹

‚

1
2

ă 8,

then ||Tf ||p ď Cp||f ||p for all f P L2 XLp for all 1 ă p ă 8. In particular, if |Dβmpξq| ď Cβ,n|ξ|´|β| for all |β| ď k
any all ξ ‰ 0, then m is an Lp-multiplier.

Proof. We perform a change of variables from ξ to Rξ. Now the given condition

sup
Rą0

R|β|

¨

˚

˝

1

kn

ż

Ră|ξ|ă2R

|Dβmpξq|2dξ

˛

‹

‚

1
2

ă 8

becomes

sup
Rą0

¨

˚

˝

ż

1ă|ξ|ă2

|DβmpR¨qpξq|2dξ

˛

‹

‚

1
2

ă 8

with DβmpR¨q “ DβmR where mRpxq “ mpRxq. Let ψ be the function in Theorem 10.8, then it suffices to show that

sup
jPZ

||mp2j ¨qψp¨q||L2
R

ă 8.

Indeed, ||mp2j ¨qψp¨q||L2
R

ď
ř

|β|ďR

||Dβpmp2j ¨qψp¨q||2, so

Dβpmp2j ¨qψp¨qq “
ÿ

|γ|ď|β|

Cγ,βD
γmp2j ¨qpξqDβ´γψpξq

for |β| ď R. Therefore,

ÿ

|β|ďR

||Dβpmp2j ¨qψp¨q||2 ď
ÿ

|β|ďR

ÿ

|γ|ď|β|

|Cγ,β |

ˆ
ż

|Dγmp2j ¨qpξq|2dξ

˙
1
2

ă Ck ă 8,

which completes the proof.
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11 Fractional Integrals

Let ∆ be the Laplacian, and recall that
pz´∆fqpξq “ 4π2|ξ|2f̂pξq

for any function f P SpRnq. Let α P R and define p´∆q
α
2 to be the operator

¨

˝

Ź

p´∆q
α
2 f

˛

‚pξq “ p2π|ξ|qαf̂pξq.

Remark 11.1. If α ą 0, then p´∆q
α
2 „ Dα. If α “ 0, the operator is identity.

Remark 11.2. Let ´n ă α ă 0, then we denote I´α “ p´∆q
α
2 , as an integration operator of order α.

Definition 11.3. Let 0 ă α ă n, then we define Iα to be the fractional integral operator, characterized by the fact that
the Fourier transform yIαfpξq “ p2π|ξ|q´αf̂pξq for all f P SpRnq. Then Iαf “ K ˚ f for Kpxq “ C|x|α´n.

Proposition 11.4. Let 0 ă α ă n, then p {|x|α´nqpξq “ C0|ξ|´α in the sense that
ż

Rn

|x|α´nφ̂pxqdx “ C0

ż

Rn

|ξ|´αφpξqdξ

for all φ P SpRnq. Here C0 “ π
n
2 ´α Γp α

2 q

Γp
n´α

2 q
where

Γpzq “

8
ż

0

xz´1e´xdx

for z P C.

Proof. Consider the standard Gauss kernel
ż

Rn

e´πδ|x|
2

φ̂pxqdx “

ż

Rn

{e´πδ|x|2pξqφpξqdξ

“ δ´ n
2

ż

Rn

e´ π
δ |ξ|

2

φpξqdξ.

Multiplying both sides by δβ´1 with β “ n´α
2 , and taking the integral in terms of δ, then

8
ż

0

δβ´1´ n
2

ż

Rn

e´ π
δ |ξ|

2

φpξqdξdδ “

8
ż

0

δβ´1

ż

Rn

e´πδ|x|
2

φ̂pxqdxdδ

“

ż

Rn

φ̂pxq

8
ż

0

δβ´1e´πδ|x|
2

dδdx

δÑ δ
π|x|2

ÝÝÝÝÝÑ π´β

ż

Rn

φ̂pxq|x|´2βΓpβqdx

“ π´
n´α

2 Γp
n´ α

2
q

ż

Rn

|x|α´nφ̂pxqdx.

Similarly,

C0

ż

Rn

|ξ|´αφpξqdξ “ Γp
α

2
qπ´ α

2

ż

Rn

φpξq|ξ|´αdξ.
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Therefore,
ż

Rn

|x|α´nφ̂pxqdx “ π
n
2 ´α Γpα

2 q

Γpn´α
2 q

ż

Rn

|ξ|´αφpξqdξ.

For any f P SpRnq and 0 ă α ă n, we have

Iαfpxq “ Cα,n

ż

Rn

fpyq

|x´ y|n´α
dy.

Remark 11.5. For any f P LppRnq with 1 ă p ă n
α , then

Cα,n

ż

Rn

fpyq

|x´ y|n´α
dy

converges absolutely, i.e.,
ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ż

Rn

fpyq

|x´ y|n´α
dy

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ă 8

almost everywhere for x.

Let Kpxq “ 1
|x|n´α , then K “ K0 `K8 where

K0 “ Kχt|x|ď1u K8 “ Kχt|x|ą1u

then
|K ˚ f | ď |K0 ˚ f | ` |K8 ˚ f |.

Notice that K0 P L1 since 0 ă α ă n, therefore

||K0 ˚ f ||p ď ||K0||1||f ||p ă 8,

and we also have
||K8 ˚ f || ď ||K8||p1 ||f ||p ă 8

since K8 P Lp1

because pn´ αqp1 ą n.

Proposition 11.6.

i. IαIβ “ Iα`β where 0 ă α, β ă n and α ` β ă n;

ii. ∆Iα “ Iα´2 for 2 ă α ă n;

iii. p´∆q
β
2 Iα “ Iα´β , where n ą α ą β ą 0;

iv. ´I2f is the solution of ∆u “ f , that is, I2 is the Fourier solution of p´∆q.

Problem 23. Verify Proposition 11.6.

Problem 24. Let µ be a probability measure on a compact subset E Ď Rn, and suppose 0 ă α ă n. Prove that
ż

E

ż

E

|x´ y|´αdµpxqdµpyq “ Cα

ż

|µ̂pξq|2|ξ|´pn´αqdξ

where µ̂pξq “
ş

E

e´2πiξ¨xdµpxq.

Hint: first verify that this identity for µ with smooth density, i.e., dµpxq “ φpxqdx for φ P SpRnq.
Hint: let φpxq “ eπ|x|

2

φεpxq “ ε´nφpε´1xq, then φε ˚ µ “
ş

E

φεdµpyq P SpRnq. Now apply the previous hint to

µε defined by dµε “ φε ˚ µdx. If both parts converge to real numbers, then apply dominant convergence theorem; if at
least one part converges to 8, then apply Fatou’s lemma. Also, one may refer to [Wol03].
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Conjecture 11.7 (Falconer Conjecture). Let E Ď Rn with Hausdorff dimension dimHpEq ą d
2 . Set ∆pEq “ t|x ´ y| :

x P E, y P Eu, is |∆pEq| ą 0?

Theorem 11.8 (Hardy-Littlewood-Sobolev). Let 0 ă α ă n and 1 ď p ă q ă 8 where 1
q “ 1

p ´ α
n .

i. If p ą 1, then ||Iαf ||q ď Cp,q||f ||p for any f P SpRnq or LppRnq.

ii. If p “ 1, |tx P Rn : |Iαfpxq| ą λu| ď

´

C||f ||1
λ

¯q

.

Proof. We have ||Iαf ||q ď Cp,q||f ||p where p ą 1 and 1
q “ 1

p ´ α
n , then

Iαfpxq “ Cα,n

ż

Rn

|x´ y|α´nfpyqdy

“ Cα,n

ż

|x´y|ďR

|x´ y|α´nfpyqdy ` Cα,n

ż

|x´y|ąR

|x´ y|α´nfpyqdy

“: Ip1q ` Ip2q.

We use the annuli to approximate the center x via

Ip1q ď

8
ÿ

k“0

ż

2´k´1Ră|x´y|ď2´kR

Cα,n

p2´kRqn´α
|fpyq|dy

ď Cα,nR
´pn´αq

8
ÿ

k“0

2kpn´αq

ż

|x´y|ď2´kR

|fpyq|dy

“ Cα,nR
α

8
ÿ

k“0

2´αk 1

|Bpx, 2´kRq|

ż

Bpx,2´kRq

|fpyq|dy

ď Cα,nR
αMfpxq

8
ÿ

k“0

2´αk

ď C̃α,nR
αMfpxq

since Cα :“
8
ř

k“0

2´αk defines on α. Moreover,

Ip2q ď Cα,n

¨

˚

˝

ż

|x´y|ąR

|x´ y|pα´nqp1

˛

‹

‚

1
p1

||f ||p

“ Cα,n

¨

˚

˝

ż

|y|ąR

|y|pα´nqp1

dy

˛

‹

‚

1
p1

||f ||p

“ Cα,n

¨

˝

8
ż

R

rn´1

rp1pn´αq

˛

‚

1
p1

||f ||p

“ C̃α,nR
´ n

q ||f ||p.

Let us denote A Àα,n B if and only if there exists Cα,n P R such that A ď Cα,nB, then

Ip1q ` Ip2q Àα,n R
αMfpxq `R´ n

q ||f ||p
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for all R ą 0. Let us choose R´ n
p “

Mfpxq

||f ||p
, then RαMfpxq “ R´ n

q ||f ||p, hence

|Iαfpxq| ď |Ip1q ` Ip2q|

Àα,n ||f ||
αp
n
p Mfpxq

p
q .

• Suppose p ą 1, then

||Iα||q Àα,n ||f ||
αp
n
p ||pMfq

p
q ||q

Àα,n ||f ||
αp
n
p

ˆ
ż

|Mf |p
˙

1
q

Àα,n ||f ||
αp
n
p ||f ||

p
q
p

Àα,n ||f ||p.

• Suppose p “ 1, then

|tx : |Iαfpxq| ą λu| ď |tx :Mfpxq ě Cα,n||f ||
´

αq
n

p λ
q
p u|

Àα,n
||f ||1

||f ||
´

αq
n

1 λq

“
||f ||

q
1

λp
.

Problem 25. Let 0 ă α ă n and ε be a small positive number. Let f : Rn Ñ R be given by

fpxq “

#

|x|´αplog 1
|x|

q´ α
n p1`εq, |x| ď 1

2

0, |x| ą 1
2

then f is measurable. Prove that f P L
n
α pRnq, but Iαf R L8 as long as α

n p1 ` εq ď 1. Therefore, ||Iαf ||8 Âα,n ||f || n
α

.
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12 Continuous Littlewood-Paley Theorem

Let ψ P SpRnq be radial and
ş

Rn

ψpxqdx “ 0, or equivalently ψ̂p0q “ 0.

Remark 12.1. In practice, we take ψ to be a real-valued function. If ψ is radial and real-valued, then ψ̂ must be real-valued
as well.

Definition 12.2. For any t ą 0, we denote ψtpxq “ t´nψpt´1xq. Define Qtfpxq “ ψt ˚ fpxq.

Claim 12.3.
8
ş

0

|ψ̂ptq|2 dt
t ă 8.

Proof. We have

8
ż

0

|ψ̂ptq|2
dt

t
“

1
ż

0

|ψ̂ptq|2
dt

t
`

8
ż

1

|ψ̂ptq|2
dt

t

“: I1 ` I2,

where

I2 ÀN

8
ż

1

1

p1 ` tqN
dt

t

ă 8

since ψ̂ P SpRnq which has polynomial decay as well. Moreover,

I1 “

1
ż

0

|ψ̂ptq ´ ψ̂p0q|2
dt

t

ď

1
ż

0

|∇ψ̂pηq|2t2
dt

t

“ ||∇ψ̂||L8pr0,1sq

ă 8

for some η between 0 and t, by the Mean Value Theorem.

Denote C :“
8
ş

0

|ψ̂ptq|2 dt
t , then we may normalize ψ so that we may assume

8
ż

0

|ψ̂ptq|2
dt

t
“ 1.

Theorem 12.4 (Calderón Reproducing Formula). For any f P L2pRnq, we may write fpxq “
8
ş

0

Q2
tfpxqdt

t “
8
ş

0

ψt ˚

fpxqdt
t in L2 sense. That is, ||

R
ş

ε

Q2
tfpxqdt

t ´ f ||2 Ñ 0 as ε Ñ 0 and R Ñ 8.

Proof.

||

R
ż

ε

Q2
tfpxq

dt

t
´ f ||2 “ ||

Ź

R
ş

ε

Q2
tfpxqdt

t ´ f ||2
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“ ||

R
ż

ε

yQtf
dt

t
´ f̂ ||2

“ ||

R
ż

ε

pψ̂pt|ξ|qq2f̂pξq
dt

t
´ f̂pξq||2

“ ||f̂p¨qr

R
ż

ε

pψ̂pt|ξ|qq2
dt

t
´ 1s||2

Ñ 0

by dominated convergence theorem, where ε Ñ 0 and R Ñ 8.

Definition 12.5. We define the Littlewood-Paley g-function to be

gpfqpxq “

¨

˝

8
ż

0

|Qtfpxq|
dt

t

˛

‚

1
2

.

Theorem 12.6. For any f P L2, we have ||gpfq||2 “ ||f ||2.

Proof. We have

||gpfq||22 “

ż

Rn

8
ż

0

|Qtfpxq|2
dt

t
dx

“

ż

Rn

8
ż

0

|ψ̂pt|ξ|qf̂pξq|2
dt

t
dξ

“ ||f̂ ||22

“ ||f ||22.

Theorem 12.7. Denote A „ B if there exists C such that A ď CB and CA ď B. Then ||gpfq||p „ ||f ||p for any
1 ă p ă 8 and f P Lp.

Remark 12.8. Set ppxq “ Cn

p1`|x|2q
n`1
2

for all x P Rn, and let ptpxq “ t´nppt´1xq, then

gpfqpxq “

¨

˝

8
ż

0

|t
B

Bt
ptq ˚ fpxq|2dt

˛

‚

1
2

where ||gpfq||p „ ||f ||p.
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13 A Weak Version of T1 Theorem

For any f P SpRnq and x R supppfq, we have Tfpxq “
ş

Rn

Kpx, yqfpyqdy. Let T : S Ñ S 1 be continuous and linear

such that ⟨Tφ, ψ⟩ “ ⟨K,φb ψ⟩, where K is a Calderón-Zygmund kernel.

Definition 13.1 (Weak-boundedness Property). We say T satisfies the weak-boundedness property (WBP) if | ⟨Tφ, ψ⟩ | À

Rnp||φ||8 `R||∇φ||8q ¨ p||ψ||8 `R||∇ψ||8q for any φ,ψ P SpRnq supported in a ball of radius R ą 0.

Lemma 13.2. If T can be extended to a bounded operator on L2, then T satisfies the WBP.

Proof. Let φ,ψ P SpRnq be supported in BR, then

| ⟨Tφ, ψ⟩ | ď ||Tφ||2||ψ||2

À ||φ||2||ψ||2

À Rn||φ||8||ψ||8.

Definition 13.3. For an operator T , we define its adjoint operator T˚ via

⟨ψ, T˚φ⟩ “

ż

Rn

T˚φpxqψpxqdx “

ż

RnˆRn

Kpy, xqφpxqψpyqdxdy “ ⟨Tψ, φ⟩

for all φ,ψ P SpRnq.

Definition 13.4. Let S0pRnq “ tφ P C8
c pRnq :

ş

φ “ 0u. Let φ P S0pRnq, then there exists a ball B in Rn such that
φpxq “ 0 for all x P Bc. One can then define a function η in C8

c pRnq, taking value 1 on 3B.
We can now define a T1 operator to be such that, for any φ P S0pRnq, ⟨T1, φ⟩ “ ⟨Tη, φ⟩ ` ⟨1 ´ η, T˚φ⟩.

Remark 13.5. The term ⟨1 ´ η, T˚φ⟩ converges, i.e., it is finite.

Assuming φ is a real-valued function, we have

⟨1 ´ η, T˚φ⟩ “

ż

p1 ´ ηqpxq

ˆ
ż

K˚px, yqφpyqdy

˙

dx

for K˚px, yq “ Kpx, yq. Therefore,

|x´ y| ě |x´ x0| ´ |x0 ´ y| ě 5rpBq ´ rpBq “ 4rpBq ě 2|y ´ x0|,

where x0 is the center of the ball B. We thereby obtain a bound of

|Kpy, xq ´Kpx0, xq| À
|x´ x0|ε

|x´ y|n`ε
,

so
ż

K˚px, yqφpyqdy “

ż

Kpx, yqφpyqdy

“

ż

rKpy, xq ´Kpx0, xqsφpyqdy

À

ż

B

|y ´ x0|ε

|x´ y|n`ε
||φ||8dy.

Therefore,

| ⟨1 ´ η, T˚φ⟩ | ď ||φ||8

ż

p5Bqc

ż

B

|y ´ x0|ε

|x´ y|n`ε
dydx À ||φ||B ¨ rpBqn ă 8.
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Problem 26. Show that
ż

p5Bqc

ż

B

|y ´ x0|ε

|x´ y|n`ε
dydx ď C ¨ rpBqn.

As an extra exercise, one should show that the definition of ⟨T, φ⟩ is independent of choice of η.

Theorem 13.6. Let T be a singular integral operator associated with a Calderón-Zygmund kernel. Suppose that T satisfies
the WBP, T p1q “ 0, and T˚p1q “ 0, then T extends to a bounded operator on L2.

Proof. Let φ P C8
c pRbq such that

ş

φ “ 1 and φ is radial, then in particular φ is even. Moreover, we know ∇φ̂p0q “ 0:
this is because Bjφ̂pξq “ ´2πi

ş

φpxqxje
´2πx¨ξdx, so Bjφ̂p0q “ ´2πi

ş

φpxqxjdx “ 0. Now define Pt by Ptfpxq “

φt ˚ fpxq where φtpxq “ t´nφpt´1xq, so PtpPtfq “ P 2
t f , with P˚

t “ P t. One can then verify that T “ lim
tÑ0

P 2
t TP

2
t .

Lemma 13.7. Suppose that T satisfies the WBP, then for any φ,ψ P C8
c pRnq, we have

⟨Tφ, ψ⟩ “ lim
tÑ0

〈
P 2
t TP

2
t φ,ψ

〉
.

Subproof. Assume that φ and ψ are supported in a ballBR of radiusR ą 0. Assume t is very small, so that P 2
t φ and P 2

t ψ
are supported in BR as well. Let ||f || “ ||f ||8 `R||∇f ||8 if supppfq Ď BR. We want to show that

lim
tÑ0

|
〈
P 2
t TP

2
t φ,ψ

〉
´ ⟨Tφ, ψ⟩ | “ 0.

We now have

|
〈
TP 2

t φ, P
2
t ψ

〉
´ ⟨Tφ, ψ⟩ | ď |

〈
T pP 2

t φ´ φq, P 2
t ψ

〉
| ` |

〈
Tφ, P 2

t ψ ´ ψ
〉

|

À Rnp||P 2
t φ´ φ|| ¨ ||P 2

t ψ|| ` ||φ|| ¨ ||P 2
t ψ ´ ψ||q

by WBP. Since
ş

φ “ 1, then ||P 2
t f || ď ||f ||. On the other hand, since for f P SpRnq, we know ||f̂ ||8||f ||1 by definition.

Therefore, ||f ||8 ď ||f̂ ||1,hence

||P 2
t φ´ φ|| ď ||

Ź

P 2
t φ´ φ||1 `R

n
ÿ

j“1

||ξj

¨

˝

Ź

P 2
t φ´ φ

˛

‚pξq||1,

and thus we conclude
Ź

P 2
t φ´ φpξq “ ppφ̂ptξqq2 ´ 1qφ̂pξq,

and thus

lim
tÑ0

||

Ź

P 2
t φ´ φ||1 “

ż

lim
tÑ0

|φ̂ptξq2 ´ 1| ¨ |φ̂pξq|dξ “ 0.

Similarly,

lim
tÑ0

n
ÿ

j“1

||ξjp

Ź

P 2
t φ´ φqpξq||1 “ 0.

Finally, taking t Ñ 0, we conclude that

||P 2
t φ´ φ|| ¨ ||P 2

t ψ|| ` ||φ|| ¨ ||P 2
t ψ ´ ψ|| ď ||P 2

t φ´ φ|| ¨ ||ψ|| ` ||φ|| ¨ ||P 2
t ψ ´ ψ||

Ñ 0.

■

The proof of Lemma 13.8 below can be done in a similar fashion.
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Lemma 13.8. Let T satisfy the WBP, then
lim
tÑ8

〈
P 2
t TP

2
t φ,ψ

〉
“ 0

for all φ,ψ P C8
c pRnq.

Problem 27. Verify Lemma 13.8.

By Lemma 13.7 and Lemma 13.8, for any φ,ψ P C8
c pRnq, we have

⟨Tφ, ψ⟩ “ lim
εÑ0

〈
P 2
ε TP

2
ε φ´ P 2

1
ε
TP 2

1
ε
φ,ψ

〉
.

To prove that T extends to a bounded operator on L2, we need to show that

lim
εÑ0

||P 2
ε TP

2
ε φ´ P 2

1
ε
TP 2

1
ε
φ||2 À ||φ||2

for all φ P C8
c . By the fundamental theorem of calculus, we have

pP 2
ε TP

2
ε ´ P 2

1
ε
TP 2

1
ε

qφ “ ´

1
ε
ż

ε

BtpP
2
t TP

2
t φqdt.

By product rule, we get

BtpP
2
t TP

2
t φq “ pBtP

2
t qTP 2

t φ` P 2
t BtpTP

2
t qφ.

Note that we can express BtP
2
t fpxq “ Btpϕt ˚ ϕtq ˚ fpxq since P 2

t is a convolution-type operator, and the second term
is similar to the first one by taking the adjoint operator. To see this, we note that

P 2
t BtpTP

2
t q “ P 2

t T pBtP
2
t q

whose adjoint operator is
pBtP

2
t qT˚P 2

t

as P 2
t and BtP

2
t are self-adjoint. Therefore, it suffices to estimate the first term, then the estimation for the second term

follows similarly. That is, it remains to show that

lim
εÑ0

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

1
ε
ż

ε

pBtP
2
t qTP 2

t φdt

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

2

À ||φ||2, (13.9)

and we may estimate the second term by

lim
εÑ0

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

1
ε
ż

ε

P 2
t BtpTP

2
t qdt

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

2

À ||φ||2,

in a similar fashion.
We set Qtfpxq “ tpBtP

2
t qfpxq, so

1
ε
ż

ε

pBtP
2
t qTP 2

t φdt “

1
ε
ż

ε

QtTP
2
t φ

dt

t
.

To construct the G-functions, we take the Fourier transform. We have

yQtfpξq “ tBt

´

yP 2
t fpξq

¯
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“ tBt

´

ϕ̂2ptξq

¯

f̂pξq

“ 2tϕ̂ptξqξ ¨ p∇ϕ̂qptξqf̂pξq.

Let ψp1q

t pxq “ i
π t

´np∇ϕqpt´1xq and ψp2q

t pxq “ ´2πit´nϕpx
t qx

t for t ą 0 and x P Rn. To see why this is useful,
suppose F “ pf1, . . . , fnq is a complex-valued function, where each fj is a function on Rn that is real-valued or complex-
valued, then we define its Fourier transform to be

F̂ “ pf̂1, . . . , f̂nq.

Using this definition, we have
y

ψ
p1q

t pξq “ 2tϕ̂ptξqξ

for all ξ P Rn, and
y

ψ
p2q

t pξq “ p∇ϕ̂qptξq.

By these estimates, we have

yQtfpξq “ 2tϕ̂ptξqξ ¨ p∇ϕ̂qptξqf̂pξq

“
y

ψ
p1q

t pξq
y

ψ
p2q

t pξqf̂pξq.

For F “ pf1, . . . , fnq, we set F ˚ g “ pf1 ˚ g, . . . , fn ˚ gq. Define vector-valued functions Q⃗p1q

t fpxq “ ψ
p1q

t ˚ fpxq

and Q⃗p2q

t fpxq “ ψ
p2q

t ˚ fpxq. For F “ pf1, . . . , fnqf and G “ pg1, . . . , gnq, we define their inner product to be

⟨F,G⟩ “
n
ř

j“1

⟨fj , gj⟩. For any f, g P L2, or SpRnq, or C8
c , we may represent

⟨Qtf, g⟩ “

〈
Q⃗

p2q

t f, Q⃗
p1q

t g
〉

because we may take Fourier transform on every term and use the fact that yQtf “
y

ψ
p1q

t ¨
y

ψ
p2q

t f̂ . One can show that
ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

¨

˝

8
ż

0

|Q⃗
pjq

t f |2
dt

t

˛

‚

1
2

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

2

À ||f ||2

which is independent of f . Therefore,
ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

〈 1
ε
ż

ε

QtTP
2
t φ

dt

t
, ψ

〉ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

“

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

1
ε
ż

ε

〈
QtTP

2
t φ,ψ

〉 dt
t

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

“

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

1
ε
ż

ε

〈
Q⃗

p2q

t TP 2
t φ,Q

p1q

t ψ
〉 dt
t

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

À

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

¨

˚

˝

1
ε
ż

ε

|Q⃗
p2q

t TP 2
t φ|2

dt

t

˛

‹

‚

1
2

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

¨

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

¨

˚

˝

1
ε
ż

ε

|Q⃗
p1q

t ψ|2
dt

t

˛

‹

‚

1
2

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ď

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

¨

˚

˝

1
ε
ż

ε

|Q⃗
p2q

t TP 2
t φ|2

dt

t

˛

‹

‚

1
2

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

¨ ||ψ||2

by Cauchy-Schwartz. It then suffices to show
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Proposition 13.10. There exists some constant C independent of ε such that

ż

Rn

1
ε
ż

ε

|Q⃗
p2q

t TP 2
t φ|2

dt

t
dx ď C||φ||22

for all φ P C8
c pRnq.

Proof of Proposition 13.10. Define L⃗t “ Q⃗
p2q

t TPt to be a vector-valued singular integral operator associated to a vector-
valued kernel Lt. For F “ pf1, . . . , fnq and a function g defined on Rn with values in R or C, we denote ⟨F, g⟩ “

p⟨f1, g⟩ , . . . , ⟨fn, g⟩q, then 〈
L⃗tφ,ψ

〉
“

ż

RnˆRn

Ltpx, yqφpyqψpxqdxdy.

On the other hand, we have 〈
L⃗tφ, t

〉
“

〈
Q⃗

p2q

t TPtφ,ψ
〉

“

〈
TPtφ, Q⃗

p2q

t ψ
〉

“

ż

RnˆRn

Kpx, yqPtφpyqQ⃗
p2q

t ψpxqdxdy.

Problem 28. We have
ż

RnˆRn

Kpx, yqPtφpyqQ⃗
p2q

t ψpxqdxdy “

ż

RnˆRn

〈
Tφy

t , ψ
p2q,x
t

〉
φpyqψpxqdxdy

where φy
t pzq “ φtpz ´ yq for all z, and ψp2q,x

t pzq “ ψ
p2q

t pz ´ xq. Hint: by weak boundedness of the operator, we may
interchange the integral and arrive at this identity.

Therefore, the kernel in the sense of this distribution is

Ltpx, yq “

〈
Tφy

t , ψ
p2q,x
t

〉
.

Lemma 13.11. There exists σ P p0, 1s such that for any x, y P Rn,

|Ltpx, yq| ď
Ctσ

pt` |x´ y|qn`σ
.

Proof of Lemma 13.11.

• Suppose |x´ y| ă 10t. Now

|Ltpx, yq| “ |

〈
Tϕyt ,Ψ

p2q,x
t

〉
|

ď tnp||Ψ
p2q,x
t ||8 ` t||∇Ψ

p2q,x
t ||8qp||ϕyt ||8 ` t||∇ϕyt ||8q

“ tnp||Ψ
p2q

t ||8 ` t||∇Ψ
p2q

t ||8qp||ψt||8 ` t||∇ϕt||8q,

but since maxt||Ψ
p2q

t ||8, ||ϕt||8u À t´n, we note maxt||∇Ψ
p2q

t ||8, ||∇ϕt||8u À t´n´1, so combining them
altogether, we get

|Ltpx, yq| À t´n À
tσ

pt` |x´ y|qn`σ
.
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• Suppose |x´ y| ě 10t. In this case, we have

Ltpx, yq “

〈
Tϕyt ,Ψ

p2q,x
t

〉
“

ż

RnˆRn

Kpu, vqϕtpv ´ yqΨ
p2q

t pu´ xqdudv.

If u “ v, then Kpu, vq is a distribution. From the support condition for ϕt and Ψ
p2q

t , we get |v ´ y| ď t and
|u´ x| ď t, but since we need these conditions to be true to not evaluate as zero, we must have u ‰ v:

|u´ v| “ |pu´ xq ` px´ yq ` py ´ vq|

ě |x´ y| ´ |u´ x| ´ |y ´ v|

ě |x´ y| ´ 2t

ě 8t,

so |u´ v| ě 8t ě 8|u´ x|. By Fubini theorem, we have

|Ltpx, yq| “

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ż

Rn

¨

˝

ż

Rn

Kpu, vqΨ
p2q

t pu´ xqdu

˛

‚ϕtpv ´ yqdv

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

“

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ż

Rn

ż

Rn

pKpu, vq ´Kpx, vqqΨ
p2q

t pu´ xqduϕtpv ´ yqdv

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

À

ż

Rn

ż

Rn

|u´ x|σ

|u´ v|n`σ
|Ψ

p2q

t pu´ xq|du|ϕtpv ´ yq|dv

À

ż

Btpyq

ż

Btpxq

|u´ x|σ

|u´ v|n`σ

1

tn
|u´ x|

t

1
´

1 `
|u´x|

t

¯N

1

t

1
´

1 `
|v´y|

t

¯N
dudv.

Since
1

|u´ v|n`σ
“

1

tn`σ

1
ˇ

ˇ

u´v
t

ˇ

ˇ

n`σ „
1

tn`σ

1
´

1 `
|u´v|

t

¯n`σ ,

and
1

1 ` |a|

1

1 ` |b|
ď

1

1 ` |a´ b|
,

then
|Ltpx, yq| À

1

tn
´

1 `
|x´y|

t

¯n`σ .

■

By Lemma 13.11, we know
ş

Rn

Ltpx, yqdy converges absolutely. Since this is an integrable function, we may represent

the kernel as an integrable one. In particular, for any f P C8
c pRnq, we have

L⃗tfpxq “

ż

Rn

Ltpx, yqf 1pyqdy.

Note that the right-hand side is well-defined when f “ 1, so in particular we get

L⃗t “

ż

Rn

Ltpx, yqdy.
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Claim 13.12. If T1 “ 0, then L⃗t1 “ 0.

Proof of Claim 13.12. For any φ P C8
c pRnq, we have〈

L⃗t1, φ
〉

“

〈
Q

p2q

t TPt1, φ
〉

“

〈
T1, Q

p2q

t φ
〉
.

By definition, we have
ż

Rn

Q
p2q

t φpxqdx “

ż

ψ
p2q

t ˚ φpxqdx

“

ˆ
ż

φ

˙ˆ
ż

ψ
p2q

t

˙

“ 0.

Since Qp2q

t φ P S0pRnq, then this shows that〈
L⃗t1, φ

〉
“

〈
T1, Q

p2q

t φ
〉

“ 0.

■

Therefore, we know
ş

Rn

L⃗tpx, yqdy “ 0. It remains to show that

ż

Rn

1
ε
ż

ε

|L⃗tpPt, φq|2
dt

t
À ||φ||σ2

for all φ P C8
c pRnq. Note that

ż

Rn

1
ε
ż

ε

|L⃗tpPt, φq|2
dt

t
“

ż

Rn

1
ε
ż

ε

|L⃗tpPtφpyq ´ Ptφpxqqdy|2
dt

t
dx

À

ż

Rn

1
ε
ż

ε

ˆ
ż

tσ

pt` |x´ y|qn`σ
|Ptφpyq ´ Ptφpxq|dy

˙2
dt

t
dx

where
ş

tσ

pt`|x´y|qn`σ |Ptφpyq ´ Ptφpxq| “

´

tσ

pt`|x´y|qn`σ

¯
1
2
´

tσ

pt`|x´y|qn`σ

¯
1
2

|Ptφpyq ´ Ptφpxq|. Therefore, by
Cauchy-Schwartz, we know

ż

Rn

1
ε
ż

ε

|L⃗tpPt, φq|2
dt

t
À

ż

Rn

1
ε
ż

ε

ˆ
ż

tσ

pt` |x´ y|qn`σ
|Ptφpyq ´ Ptφpxq|dy

˙2
dt

t
dx

À

ż

Rn

8
ż

0

ˆ
ż

tσ

pt` |x´ y|qn`σ
dy

˙ˆ
ż

tσ

pt` |x´ y|qn`σ
|Ptφpyq ´ Ptφpxq|2dy

˙

dt

t
dx.

Since
ş

tσ

pt`|x´y|qn`σ dy “ Cn,σ by a change of variables, we know that

ż

Rn

1
ε
ż

ε

|L⃗tpPt, φq|2
dt

t
À

ż

Rn

8
ż

0

ˆ
ż

tσ

pt` |x´ y|qn`σ
dy

˙ˆ
ż

tσ

pt` |x´ y|qn`σ
|Ptφpyq ´ Ptφpxq|2dy

˙

dt

t
dx
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Àn,σ

ż

Rn

8
ż

0

ż

tσ

pt` |x´ y|qn`σ
|Ptφpyq ´ Ptφpxq|2dx

dt

t
dy

Àn,σ

ż

Rn

8
ż

0

ż

tσ

pt` |x´ y|qn`σ
|Ptφpyq ´ Ptφpu` yq|2du

dt

t
dy

“

ż

Rn

8
ż

0

tσ

pt` |u|qn`σ

¨

˝

ż

Rn

|Ptφpyq ´ Ptφpu` yq|2dy

˛

‚

dt

t
du.

By Theorem 4.5, we know that
ż

Rn

|Ptφpyq ´ Ptφpu` yq|2dy “

ż

Rn

|e2πiu¨ξ ´ 1|2|φ̂ptξq|2|φ̂pξq|2dξ,

therefore

ż

Rn

8
ż

0

tσ

pt` |u|qn`σ

¨

˝

ż

Rn

|Ptφpyq ´ Ptφpu` yq|2dy

˛

‚

dt

t
du

“

ż

Rn

|φ̂pξq|

¨

˝

ż

Rn

8
ż

0

|e2πiu¨ξ ´ 1| ¨ |φ̂ptξq|
tσ

pt` |u|qn`σ

dt

t
du

˛

‚dξ.

Finally, it suffices to show that

Lemma 13.13. There exists some constant C independent of ξ such that

ż

Rn

8
ż

0

|e2πiu¨ξ ´ 1| ¨ |φ̂ptξq|
tσ

pt` |u|qn`σ

dt

t
du ď C.

Subproof. Without loss of generality, assume that ξ ‰ 0. Now take δ “ σ
2 ą 0 and ε “ δ

2 , then we have

ż

Rn

8
ż

0

|e2πiu¨ξ ´ 1| ¨ |φ̂ptξq|
tσ

pt` |u|qn`σ

dt

t
du À

ż

Rn

8
ż

0

|u ¨ ξ|δ|φ̂ptξq|2
tσ

pt` |u|qn`σ

dt

t
du

“

ż

Rn

8
ż

0

|u ¨ ξ|δ|φ̂pt|ξ|q|2
tσ

pt` |u|qn`σ

dt

t
du

by a change of variable u ÞÑ tu,

“

ż

Rn

8
ż

0

tδ|u|δ|ξ|σ|φ̂ptξq|2
tσ

pt` |tu|qn`σ

dt

t
¨ tndu

“

¨

˝

ż

Rn

|u|δ

p1 ` |u|qn`σ
du

˛

‚

¨

˝

8
ż

0

pt|ξ|qδ|φ̂pt|ξ|q2
dt

t

˛

‚

ď

¨

˝

ż

Rn

p1 ` |u|qδ

p1 ` |u|qn`δ`δ
du

˛

‚

¨

˝

8
ż

0

pt|ξ|qδ|φ̂pt|ξ|q2
dt

t

˛

‚

Àn,σ

8
ż

0

|t|δ|φ̂ptq|2
dt

t
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Àn,σ C.

■

■

Problem 29. Let K be a Calderón-Zygmund kernel that is anti-symmetric, i.e., Kpx, yq “ ´Kpy, xq. Let T be the
singular integral operator associated with K . Prove that T satisfies the WBP condition.

Problem 30. Prove that

i. for any δ ą 0,
ş

Rn

e´πδ|ξ|
2

e´2πix¨ξdξ “ δ´ n
2 e´π|x|

2
{δ ;

ii. for any γ ą 0, e´γ “ 1?
π

8
ş

0

e´u
?
u
e´

γ2

4u du. Hint: note that e´γ “ 1
π

8
ş

´8

eiγz

1`x2 dx and 1
1`x2 “

8
ş

0

e´p1`x2
qudu;

iii.
Ź

e´2πt|¨|pxq “ Cnt

p|x|2`t2q
n`1
2

.
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14 Bounded Mean Oscillation and Sharp Functions

Definition 14.1. Let f be a locally integrable function onRn, and letQ be a cube inRn, then we define fQ “ 1
|Q|

ş

Q

fpxqdx,

and the bounded mean oscillation (BMO) of f is defined by

||f ||BMO “ sup
cube Q in Rn

1

|Q|

ż

Q

|fpxq ´ fQpxq|dx.

Moreover, we define the collection of functions with bounded mean oscillation onRn to beBMOpRnq “ tf P L1
locpR

nq :
||f ||BMO ă 8u.

Remark 14.2.

• L8pRnq Ď BMOpRnq;

• if f is a constant function, then ||f ||BMO “ 0;

• suppose f and g are functions such that f ´ g is a constant function, then ||f ||BMO “ ||g||BMO. In particular, in the
function space BMOpRnq, this implies f “ g in BMOpRnq.

Lemma 14.3. ||f ||BMO „ sup
cube Q in Rn

inf
cPC

1
|Q|

ş

Q

|fpxq ´ c|dx.

Problem 31. Prove Lemma 14.3.

Theorem 14.4 (John-Nirenberg). There exists C1, C2 ą 0 such that for any f P BMOpRnq and any cube Q Ď Rn and
any λ ą 0, we have

|tx P Q : fpxq ´ fQ ą λu| ď e
´

c2λ
||f||BMO |Q|.

To prove the theorem, we need a few lemmas.

Lemma 14.5. LetQ Ď Rn be a cube and λ ą 0. Suppose f P L1pQq and 1
|Q|

ş

Q

|fpxq|dx ă λ, then there exists a sequence

tQjujě1 of pairwise disjoint5 sub-cubes of Q, such that

1. |fpxq| ď λ almost everywhere for Qz
Ť

jě1

Qj , and

2. λ ď 1
|Qj |

ş

Qj

|f | ă 2nλ.

Problem 32. Prove Lemma 14.5.
Hint: use a stopping time argument.

Lemma 14.6. Let f P BMOpRnq with ||f ||BMO “ 1, and let Q Ď Rn be a cube, then there exists a sequence tQjujě1 of
pairwise disjoint sub-cubes of Q such that

1. |fpxq ´ fQ| ď 3
2 almost everywhere for x P Qz

Ť

j

Qj ,

2.
ř

j

|Qj | ď 2
3 |Q|, and

3. 1
|Qj |

ş

Qj

|fpxq ´ fQ| ă 3 ¨ 2n´1.

5By pairwise disjoint, we mean the borders may touch.
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Proof. Apply Lemma 14.5 to the function f ´ fQ with λ “ 3
2 , which can be done since

1

|Q|

ż

Q

|pf ´ fQqpxq|dx ď ||f ||BMO

ď 1

ă
3

2
,

so there exists a sequence tQjujě1 of pairwise disjoint sub-cubes of Q, such that

1. |pf ´ fQqpxq| ď 3
2 almost everywhere for Qz

Ť

j

Qj , and

2. 3
2 ď 1

|Qj |

ş

Qj

|f ´ fQ| ă 3 ¨ 2n´1.

It suffices to show that
ř

j

|Qj | ď 2
3 |Q|. Since 3

2 ď 1
|Qj |

ş

Qj

|f ´ fQ| ă 3 ¨ 2n´1, then |Qj | ď 2
3

ş

Qj

|f ´ fQ|, therefore

ÿ

j

|Qj | ď
2

3

ÿ

j

ż

Qj

|f ´ fQ|

ď
2

3

ż

Q

|f ´ fQ|

ď
2

3
|Q| ¨ ||f ||BMO.

Proof of Theorem 14.4. Without loss of generality, we may assume that ||f ||BMO “ 1, since we can apply a dilation argument
for the general case. We will show that the level set

|tx P Q : |fpxq ´ fQ| ą λu| ď C1e
´C2λ|Q|

by applying Lemma 14.6 repeatedly. Let us first apply Lemma 14.6 for the given cube Q and function f , then we get a
sequence tQ

p1q

j ujě1 of disjoint sub-cubes Qp1q

j Ď Q such that

• |fpxq ´ fQ| ď 3
2 almost everywhere for x P Qz

Ť

j

Q
p1q

j ,

•
ř

j

|Q
p1q

j | ď 2
3 |Q|, and

• 1

|Q
p1q

j |

ş

Q
p1q

j

|fpxq ´ fQ| ă 3 ¨ 2n´1.

Define J p1q “ tQ
p1q

j : j P Nu to be the set of all such cubes. For each cubeQp1q in J p1q, we apply Lemma 14.6 again, then

we get a sequence tQ
p2q

j ujě1 of sub-cubes of Qp1q such that

• |fpxq ´ fQp1q | ď 3
2 almost everywhere for x P Qp1qz

Ť

j

Q
p2q

j ,

•
ř

j

|Q
p2q

j | ď 2
3 |Qp1q|, and

• 1

|Q
p2q

j |

ş

Q
p2q

j

|fpxq ´ fQp1q | ă 3 ¨ 2n´1.
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Define J p2q “ tQ
p2q

j : j P Nu to be the set of all such cubes. We have

ď

jPN
Q

p2q

j “
ď

Qp1qĎJp1q

ď

jPJp1qpQp1qq

Q
p2q

j ,

therefore
ÿ

j

|Q
p2q

j | ď
2

3

ÿ

Qp1q

|Qp1q|

ď

ˆ

2

3

˙2

|Q|.

Moreover, we claim that |fpxq ´ fQ| ď 3
2 ` 3 ¨ 22´1 almost everywhere for x P Qz

Ť

jPN
Q

p2q

j . This can be done by

considering two cases:

• if x does not belong to any cube of the form Qp1q, then |fpxq ´ fQ| ď 3
2 ;

• if x P Qp1q for some cube Qp1q P J p1q, then

|fpxq ´ fQ| ď |fpxq ´ fQp1q | ` |fQp1q ´ fQ|

ď |fpxq ´ fQp1q | `
1

|Qp1q|

ż

Qp1q

|f ´ fQ|

by triangle inequality.

By applying this argument repeatedly, at the N th step we obtain a sequence tQ
pNq

j ujě1 of disjoint sub-cubes of Q such
that

• |fpxq ´ fQ| ď 3
2 ` 3pN ´ 1q2n´1 ď 3N2n´1 almost everywhere for x P Qz

Ť

j

Q
pNq

j , and

•
ř

j

|Q
pNq

j | ď
`

2
3

˘N
|Q|.

If λ ă 3 ¨ 2n´1, the conclusion is trivial. For any λ ě 3 ¨ 2n´1, there exists some N P N such that 3N2n´1 ď λ ă

3pN ` 1q2n´1, then

|tx P Q : |fpxq ´ fQ| ą λu| “ |tx P
ď

j

Q
pNq

j : |fpxq ´ fQ| ą λu|

ď
ÿ

j

|Q
pNq

j |

ď

ˆ

2

3

˙N

|Q|

ă e´c2λ|Q|

where c2 “
logp 3

2 q
3¨2n´1 .

Definition 14.7. For 1 ď p ă 8, we define ||f ||BMO,p “ sup
cube Q in Rn

˜

1
|Q|

ş

Q

|fpxq ´ fQ|pdx

¸
1
p

. Under this notation,

||f ||BMO “ ||f ||BMO,1.

Corollary 14.8. For any 1 ď p ă 8, ||f ||BMO,p „ ||f ||BMO.
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Proof. We need to show that ||f ||BMO,p Àp ||f ||BMO. To calculate the Lp-norm of the difference, we have

1

|Q|

ż

Q

|fpxq ´ fQ|pdx “
p

|Q|

8
ż

0

λp´1|tx P Q : |fpxq ´ fQ| ą λu|dλ

Àp

8
ż

0

λp´1e
´ cλ

||f||BMO dλ by Theorem 14.4

“ ||f ||
p
BMO

8
ż

0

λp´1e´λdλ by changing λ Ñ
||f ||BMO

c
λ.

Definition 14.9. Given a function f , we define the sharp function of f to be f#pxq “ sup
cube xPQ in Rn

1
|Q|

ş

Q

|fpxq ´ fQ|dx.

Remark 14.10. Since f#pxq À Mfpxq, then ||f#||8 À ||Mf ||8 À ||f ||8. Based on the same observation, we have we
have ||f#||p À ||f ||p for any 1 ă p ď 8. For the rest of the section, we will show that the reverse inequality still holds.

Definition 14.11. Let k P Z. We define a dyadic cube to be Dk “

#

n
ś

j“1

r2´knj , 2
´kpnj ` 1qq : nj P Z

+

. The collection

of dyadic cubes is defined by D “
Ť

kPZ
Dk .

The dyadic cubes define a grid structure: for any Q1, Q2 P D , either Q1 X Q2 “ ∅, or Q1 Ď Q2 or Q2 Ď Q1. Let
us define

Mdfpxq “ sup
xPQPD

1

|Q|

ż

Q

|fpyq|dy.

Obviously Mdfpxq ď Mfpxq, and conversely Mdfpxq Á Mfpxq.

Remark 14.12. It is not true that Mdfpxq À f#pxq.

However, even though we don’t have a pointwise estimate, we may estimate it in the sense of distributions.

Theorem 14.13 (Good-λ Inequality). For any γ ą 0 and any λ ą 0, we have the following level set estimate:

|tx P Rn :Mdfpxq ą 2λ, f#pxq ă γλu| ď 2nγ|tx P Rn :Mdfpxq ą λu|.

Proof. By Lemma 14.5, we may write tx P Rn :Mdfpxq ą λu “

˜

Ů

Q

Q

¸

YN as a disjoint union of cubes along with a

null set N . Therefore, it remains to show that for any maximal6 dyadic cube Q in tx P Rn :Mdfpxq ą λu, we have

|tx P Q :Mdfpxq ą 2λ, f#pxq ă γλu| ď 2nγ|Q|. (14.14)

Problem 33. For any maximal dyadic cube Q in tx :Mdfpxq ą λu, if x P Q and Mdfpxq ą 2λ, then

MdpfχQqpxq ą 2λ.

Given a dyadic cube Q, suppose Q˚ is its unique parent Q. By maximality of Q, then Q˚ Ę tx : Mdfpxq ą λu,
therefore

1

|Q˚|

ż

Q˚

|fpxq|dx ď λ.

6Here Q is called a maximal cube in E if Q Ď E but 2Q Ę E.
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For fQ˚ “ 1
|Q˚|

ş

Q˚

f , we have

MdpfQ˚χQqpxq “ |MdpfQ˚χQqpxq|

ď |fQ˚ |MdpχQqpxq

ď λ||χQ||8

ď λ.

Using this estimate, we bound

Mdppf ´ fQ˚ qχQq ě MdpfχQq ´MdpfQ˚χQq

ě MdpfχQq ´ λ

ą 2λ´ λ by Problem 33 as x P Q and Mdfpxq ą 2λ

“ λ.

Therefore,
tx P Q :Mdfpxq ą 2λ, f#pxq ă γλu Ď tx P Q :Mdppf ´ fQ˚ qχQqpxq ą λu.

By the fact that Md is of type weak p1, 1q, we note that

|tx P Q :Mdppf ´ fQ˚ qχQqpxq ą λu| ď

ş

Q

|f ´ fQ˚ |

λ

ď
2n|Q|

λ

1

|Q˚|

ż

Q˚

|f ´ fQ˚ |

ď
2n|Q|

λ
inf

xPQ˚
f#pxq

ď
2n|Q|

λ
inf
xPQ

f#pxq.

If tx P Q : f#pxq ă 2λu “ ∅, then the statement is true trivially, so suppose tx P Q : f#pxq ă 2λu ‰ ∅, then

|tx P Q :Mdppf ´ fQ˚ qχQqpxq ą λu| ď
2n|Q|

λ
inf
xPQ

f#pxq

ď
2n|Q|

λ
γλ

“ 2nγ|Q|,

as desired.

Theorem 14.15. Let p P r1,8q. Suppose that f P Lp0 for some p0 P r1, ps, then there exists a constant Cp,n such that

p||f ||p Àq||Mdf ||p ď Cp,n||f#||p.

Proof. We have

||Mdf ||pp “ p

8
ż

0

λp´1|tx P Rn :Mdfpxq ą λu|dλ which converges under assumption

“ p2p
8
ż

0

λp´1|tx P Rn :Mdfpxq ą 2λu|dλ by a change of variables λ Ñ 2λ

Àp

8
ż

0

λp´1|tx P Rn :Mdfpxq ą 2λ, f#pxq ă γλu|dλ`

8
ż

0

λp´1|tx P Rn : f#pxq ą γλu|dλ
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À γ

8
ż

0

λp´1|tx P Rn :Mdfpxq ą λu|dλ`
1

γp
||f#||pp

À γ||Mdf ||pp `
1

γp
||f#||pp

for any γ ą 0. Let us choose γ small enough such that γ multiplied by the hidden coefficients is still less than 1
2 , then this

gives ||Mdf ||pp À ||f#||pp.

Theorem 14.16. Let p0 P p1,8q, and let T be a linear operator satisfying

||Tf ||p0
À ||f ||p0

for all f P Lp0 . Suppose ||Tf ||BMO À ||f ||8 for any f P L8, then ||Tf ||p À ||f ||p for any f P Lp and p0 ă p ă 8.

Remark 14.17. This is a weaker interpolation result since we replaced ||Tf ||8 by ||Tf ||BMO.

Proof. Define T#fpxq “ pTfq#pxq, then T# is a sublinear operator. We have

||T#f ||p0
“ ||pTfq#||p0

À ||Tf ||p0
À ||f ||p0

.

But by definition we have ||T#f ||8 “ ||Tf ||BMO À ||f ||8, then ||Tf ||p À ||T#f ||p À ||f ||p for any p P pp0,8q for
all f P Lp.
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15 Carleson Measures

Let us denote Rn`1
` to be the upper half plane tpx, tq P Rn ˆ R : t ą 0u.

Definition 15.1. Let Q be a cube in Rn with side length ℓpQq, then we define a Carleson box Q̂ by

Q̂ “ tpx, tq P Rn`1
` : x P Q, 0 ď t ă ℓpQqu.

A Borel measure µ of domain BRn`1
`

is called a Carleson measure if µpQ̂q ď C|Q| for all cube Q Ď Rn. The norm of µ is
defined by

||µ|| “ sup
Q

µpQ̂q

|Q|
.

Let f be a measurable function onRn`1
` , then we define the non-tangential maximal functionN`fpxq “ sup

py,tqPΓpxq

|fpy, tq|,

where Γpxq is a cone generated by x P Rn, to be

Γpxq “ tpy, tq P Rn`1
` : |y ´ x| ă tu.

Theorem 15.2. Let f be a continuous function on Rn`1
` and µ be a Carleson measure, then

ż

Rn`1
`

|fpx, tq|pdµ À ||µ||

ż

Rn

|N ˚fpxq|pdx

for any 0 ă p ă 8. Alternatively, we may write this inequality as follows:

||f ||LppRn`1
`

,dµq
À ||µ||

1
p ||N ˚f ||LppRnq.

Theorem 15.3 (Whitney Decomposition). Let Ω be an open set in Rn and Ωc ‰ ∅, then there is a collection of non-
overlapping cubes tQjujPN such that

i. Ω “
Ť

j

Qj , and

ii. there exists constants c1pΩq, c2pΩq independent of Q such that

c1ℓpQq ď distpQ,Ωcq ď c2ℓpQq.

Proof of Theorem 15.3. Recall that for any k P Z, we defined the dyadic cube to be

Dk “

#

n
ź

j“1

“

2´knj , 2
´kpnj ` 1q

˘

: nj P Z

+

.

For any k P Z, we define
Ωk “

␣

x P Ω : 3
?
n ¨ 2´k ă distpx,Ωcq ď 3

?
n ¨ 21´k

(

.

Therefore, these are the points x P Ω such that distpx,Ωcq is comparable to 2´k . In particular, we have a partition
Ω “

Ť

kPZ
Ωk . Let us now define

Jk “ tQ P Dk : QX Ωk ‰ ∅u,

and define J “
Ť

kPZ
Jk . To finish the proof, it suffices to prove the following statement.

Problem 34. Prove that Ω “
Ť

QPJ
Q.
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Proof of Theorem 15.2. Let us define the level sets

Eλ “ tpx, tq P Rn`1
` : |fpx, tq| ą λu and E˚

λ “ tx P Rn : N ˚fpxq ą λu.

It now suffices to show that

Claim 15.4. µpEλq À ||µ|||E˚
λ |.

Indeed, recall that

ż

Rn`1
`

|fpx, tq|P dµ “ p

8
ż

0

λp´1µpEλqdλ

Àp ||µ||

8
ż

0

λp´1|E˚
λ |dλ

Àp ||µ||

ż

Rn

|N ˚f |pdx

To prove Claim 15.4, one can assume that |E˚
λ | ă 8, so that its complement pE˚

λ qc ‰ ∅. By Theorem 15.3, we may
represent E˚

λ “
Ť

j

Qj and

c1ℓpQjq ď distpQj , pE
˚
λ qcq ď c2ℓpQjq.

Lemma 15.5. There is an absolute constant α such that

Eλ Ď
ď

j

yαQj ,

where αQj is the dilation of Qj by α, with the center fixed.

Let us show that Lemma 15.5 implies Claim 15.4. By Lemma 15.5, we have

µpEλq ď µ

˜

ď

j

yαQj

¸

ď
ÿ

j

µ
´

yαQj

¯

Àα ||µ||
ÿ

j

|Qj |

À ||µ|| ¨ |E˚
λ |.

Therefore, to finish the proof of Theorem 15.2, it suffices to show Lemma 15.5.

Subproof of Lemma 15.5. For any ball or cube B in Rn, a tent based on B is given by

T pBq “ tpy, tq P Rn`1
` : Bpy, tq Ď Bu.

Claim 15.6. For any py, tq P Eλ, then Bpy, tq Ď E˚
λ .

Subproof of Claim 15.6. Note that x P Bpy, tq if and only if py, tq P Γpxq. Now

N ˚fpxq “ sup
py1,tqPΓpxq

|fpy1, tq|

ě |fpy, tq|

ą λ

since py, tq P Eλ. ■
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Now set α “ 100c2.

Claim 15.7. We have Eλ Ď
Ť

j

T pαQjq.

Subproof of Claim 15.7. For any py, tq P Eλ, we know Bpy, tq Ď E˚
λ “

Ť

j

Qj by Claim 15.6. We have two possible cases:

• Case 1: every Qj such that Qj X Bpy, tq ‰ ∅ satisfies ℓpQjq ď 4t
α . We claim that this would never happen:

suppose it happens, then there exists some cube Qj0 such that y P Qj0 . Therefore, we have ℓpQj0q ď 4t
α , so

8c2Qj0 Ď Bpy, tq. We also know that distpQj0 , pE
˚
λ qcq ď C2ℓpQjq, thus we know that Bpy, tq X pE˚

λ qc ‰ ∅.
This implies E˚

λ X pE˚
λ qc ‰ ∅, which is a contradiction.

• Case 2: at least one of Qj such that Qj X Bpy, tq ‰ ∅ satisfies ℓpQjq ą 4t
α . Let us pick such Qj , then Bpy, tq Ď

αQj , but having one base covering the other implies one tent covers the other: T pBpy, tqq Ď T pαQjq. In particular,
the vertex py, tq of T pBpy, tqq is contained in T pαQjq. Since py, tq P Eλ is arbitrary, this implies that Eλ Ď
Ť

j

T pαQjq.

■

This proves Lemma 15.5, as desired. ■

Problem 35. Suppose that φ is a function on Rn satisfying

|φpxq| ď
c1

p1 ` |x|qn`ε

where ε P p0, 1s and c1 is a constant independent of x. Prove that

sup
py,tqPΓpxq

|φt ˚ fpyq| À Mfpxq

where M is independent of f , t, and x. Moreover, prove that for any p P p1,8q,

¨

˚

˚

˝

ż

Rn`1
`

|φt ˚ fpxq|pdµ

˛

‹

‹

‚

1
p

À ||µ||
1
p ||f ||LppRnq

if µ is a Carleson measure.

Definition 15.8. Let b P BMOpRnq and Qtbpxq “ ψt ˚ bpxq, where ψt “ t´nψpx
t q and ψ is radial such that

ş

Rn

ψ “ 0

and
|ψpxq| ` |∇ψpxq| ď

C

p1 ` |x|qn`ε
. (15.9)

For any Borel set E Ď Rn`1
` , we define

µpEq “

ż

E

|ψt ˚ bpxq|2
dxdt

t
.

Theorem 15.10. µpEq defined above gives a Carleson measure, and ||µ|| À ||b||2BMO.

Proof. Let Q Ď Rn, then it suffices to show that µpQ̂q À ||b||2BMO|Q|. We may write

b “ b1 ` b2 ` b3
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where b1 :“ pb ´ b2Qqχ2Q, b2 :“ pb ´ b2Qqχp2Qqc , and b3 :“ b2Q. Notice that ψt ˚ b3pxq “ b2Q
ş

ψt “ b2Q
ş

ψ “ 0.
By triangle inequality, we have that

µpQ̂q À

ż

Q̂

|ψt ˚ b1|2
dxdt

t
`

ż

Q̂

|ψt ˚ b2|2
dxdt

t
.

We denote I1 “
ş

Q̂

|ψt ˚ b1|2 dxdt
t and I2 “

ş

Q̂

|ψt ˚ b2|2 dxdt
t .

Problem 36. Suppose ψ is radial,
ş

Rn

ψ “ 0, and satisfies Equation (15.9). We may prove that

ż

Rn`1
`

|ψt ˚ f |2
dxdt

t
À ||f ||22

for any f P L2pRnq.
Hint: note that |eiθ ´ 1| À |θ|δ for any 0 ă δ, and apply Theorem 4.5.

By Problem 36, we have

I1 ď

ż

Rn`1
`

|ψt ˚ b1|2
dxdt

t

À

ż

Rn

|b1|2

À

ż

2Q

|b´ b2Q|2

À ||b||2BMO|Q|.

For I2, we have

|ψt ˚ b2pxq| ď
1

tn

ż

|ψ

ˆ

x´ y

t

˙

||b2pyq|dy

À
1

tn

ż

p2Qqc

|bpyq ´ b2Q|

p1 ` t´1|x´ y|qn`ε
dy

À

ż

p2Qqc

tε|bpyq ´ b2Q|

pt` |x´ y|qn`ε
dy.

When px, tq P Q̂ and y R 2Q, we have that

|x´ y| ě |y ´ cpQq| ´ |x´ cpQq|

ě
1

2
|y ´ cpQq|,

therefore

|ψt ˚ b2pxq| À

ż

p2Qqc

tε|bpyq ´ b2Q|

pt` |x´ y|qn`ε
dy

À tε
ż

p2Qqc

|bpyq ´ b2Q|

|y ´ cpQq|n`ε
dy.
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Problem 37. Prove that
ż

p2Qqc

|bpyq ´ b2Q|

|y ´ cpQq|n`ε
À

||b||BMO

ℓpQqε

whenever b P BMOpRnq.

By Problem 37, we note that

|ψt ˚ b2pxq| À tε
ż

p2Qqc

|bpyq ´ b2Q|

|y ´ cpQq|n`ε
dy

À
tε

ℓpQqε
||b||BMO.

Therefore, we may bound

I2 À ||b||2BMO

ż

Q

ℓpQq
ż

0

t2ε´1

ℓpQq2ε
dtdx

À ||b||2BMO|Q|,

and this finishes the proof.

Problem 38. Let φ be a bounded integrable function and φ ą 0. Suppose that

¨

˚

˚

˝

ż

Rn`1
`

|φt ˚ fpxq|pdµ

˛

‹

‹

‚

1
p

À ||f ||LppRnq

for any f P Lp and some p P r1,8q, then show that µ is a Carleson measure.
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16 T1 Theorem in Strong Form

Theorem 16.1 (David and Journé). Suppose that T is a singular integral operator associated to a Calderón-Zygmund kernel,
then T extends to a bounded operator on L2pRnq if and only if

• T satisfies the WBP, and

• T1 P BMO and T˚1 P BMO.

Remark 16.2. Recall that S0pRnq “ tψ P C8
c pRnq :

ş

ψ “ 0u. Using this notation, we note that T1 P BMO if and
only if there exists b P BMO such that ⟨T1, ψ⟩ “ ⟨b, ψ⟩ “

ş

Rn

bψ̄dx.

Let us first verify the only-if part of Theorem 16.1.

Lemma 16.3. Let T be a Calderón-Zygmund singular integral operator which is L2-extendable, i.e., can be extended to
a bounded operator on L2. Let f be any bounded function with compact support, then ||Tf ||BMO À ||f ||8, up to an
independent constant.

Proof. Let Q be any cube in Rn, then define aQ to be the integral

aQ “

ż

Rn

KpcpQq, yqfpyqχp5Qqcpyqdy “ T pfχp5QqcqpcpQqq,

where cpQq is the center of the cube, and K is the standard Calderón-Zygmund kernel. We find that

1

|Q|

ż

Q

|Tf ´ aQ|dx ď
1

|Q|

ż

Q

|T pfχ5Qq|dx`
1

|Q|

ż

Q

|T pfχp5Qqcqpxq ´ aQ|dx

By Cauchy-Schwartz Theorem,

1

|Q|

ż

Q

|T pfχ5Qq|dx À

¨

˝

1

|Q|

ż

Q

|T pfχ5Qq|2dx

˛

‚

1
2

À

¨

˝

1

|Q|

ż

5Q

|fpxq2|dx

˛

‚

1
2

since T is bounded on L2

À ||f ||8.

By the smoothness condition on K , we have

1

|Q|

ż

Q

|T pfχp5Qqcqpxq ´ aQ|dx À
1

|Q|

ż

Q

ż

p5Qqc

|Kpx, yq ´KpcpQq, yq|

À
1

|Q|

ż

Q

ż

p5Qqc

|x´ cpQq|n

|x´ y|n`ε
|fpyq|dydx

À
||f ||8

|Q|

ż

Q

ż

p5Qqc

|x´ cpQq|n

|x´ y|n`ε
dydx

À ||f ||8

by Problem 37.

Theorem 16.4. Let T be an L2-extendable Calderón-Zygmund singular integral operator, then T extends to a bounded
operator from L8 to BMO.
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Proof. For any j P Z, let Bj “ Bp0, 2jq. For any f P L8, any Bj with j ě 0, and any x P Bj , we define TBj
fpxq “

T pfχ5Bj
qpxq `

ş

Rn

pKpx, yq ´Kp0, yqqfpyqχp5Bjqcpyqdy which is well-defined: the first term is well-defined according

to Lemma 16.3, and the BMO norm of the second term is bounded above by ||f ||8. We now show that ||Tf ||BMO À ||f ||8.
We know ||T pfχ5Bj

q||BMO À ||f ||8 by Lemma 16.3, and that

Claim 16.5.
ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ż

Rn

pKpx, yq ´Kp0, yqqfpyqχp5Bjqcpyqdy

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

À ||f ||8.

Subproof. We note that
ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ż

Rn

pKpx, yq ´Kp0, yqqfpyqχp5Bjqcpyqdy

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

À

ż

p5Bjqc

|Kpx, yq ´Kp0, yq|dy||f ||8

ď C||f ||8.

■

Proof of only-if part of Theorem 16.1. To verify the only-if part of Theorem 16.1, we may assumeT is anL2-extendable Calderón-
Zygmund singular integral operator, then we want to find b P BMO such that for any ψ P S0pRnq, ⟨T1, ψ⟩ “ ⟨b, ψ⟩ for
any x P Bj . Let us define

bpxq “ T pχ5Bj
qpxq ` gpxq

where
gpxq “

ż

Rn

pKpx, yq ´Kp0, yqqχp5Bjqcpyqdy.

By Theorem 16.4, we know that bpxq P BMO. For any ψ P S0pRnq supported in BJ for some large J P Z, then

⟨T1, ψ⟩ “ ⟨T pχ5BJ
q, ψ⟩ `

〈
χp5Bjqc , T

˚ψ
〉
.

It remains to verify that
〈
χp5Bjqc , T

˚ψ
〉

“ ⟨g, ψ⟩. We recall that〈
χp5Bjqc , T

˚ψ
〉

“

ż

χp5Bjqcpxq

ż

pKpy, xq ´Kp0, xqqψpyqdydx since
ż

ψ “ 0

“ ⟨g, ψ⟩ by Fubini Theorem.

Therefore, T1 P BMO. Similarly, one can show that T˚1 P BMO as well.

We now start proving the if part of Theorem 16.1. Suppose T satisfies the WBP and that T1, T˚1 P BMO, then we
want to show that T extends to a bounded operator on L2. This requires the simple version of T1 theorem.

Let φ,ψ be radial Schwartz functions on Rn such that
ş

Rn

φ “ 1 and
ş

Rn

ψ “ 0, and that
8
ş

0

|ψ̂ptq|2 dt
t “ 1. Moreover,

we may assume that ψ is real-valued. We define Qtfpxq “ ψt ˚ fpxq to be a convolution-type operator, where ψtpxq “
1
tnψpx

t q is the dilation. Moreover, let us define Ptfpxq “ φt ˚ fpxq to be a convolution-type operator, motivated by the
Poisson kernel.

Definition 16.6. For any ε ą 0 and b P BMOpRnq, we define the paraproduct operator to be

ź

b,ε

fpxq “

1
ε
ż

ε

QtpQtbPtfqpxq
dt

t
,

and that
ź

b

“ lim
εÑ0

ź

b,ε

.
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Remark 16.7. We have
〈
ś

b

φ,ψ

〉
“ lim

εÑ0

〈
ś

b,ε

φ,ψ

〉
.

Remark 16.8. For any b P BMOpRnq,
ś

b

1 is a linear functional on S0pRnq, defined by

〈
ź

b

1, φ

〉
“ lim

εÑ0

〈
ź

b,ε

1, φ

〉

for any φ P S0pRnq.

Lemma 16.9.
ś

b

1 “ b.

Proof. We have

ź

b,ε

1 “

1
ε
ż

ε

QtpQT bPt1qpxq
dt

t

“

1
ε
ż

ε

QtpQtbqpxq
dt

t
,

so in the sense of distribution,

ź

b

1 “ lim
εÑ0

1
ε
ż

ε

QtpQtbqpxq
dt

t

“

8
ż

0

QtpQtbqpxq
dt

t
.

To show that this integral is just b, we may apply an extended version of Theorem 12.4 in LppRnq. In fact, it is sufficient
to show that

b̂ “

8
ż

0

{QtpQtbq
dt

t

“

8
ż

0

|ψ̂p|ξ|tq|2b̂pξq
dt

t

“ b̂

8
ż

0

|ψ̂ptq|2
dt

t
by normalization

“ 1.

Definition 16.10. We define

ź

b,ε

˚fpxq “

1
ε
ż

ε

P˚
t pQtbQ

˚
t fqpxq

dt

t

and
ź

b

˚ “ lim
εÑ0

ź

b,ε

˚.
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Lemma 16.11. We have
ś

b

˚1 “ 0.

Proof. Since Q˚
t “ Qt and Qt1 “ 0, then

ź

b,ε

˚1 “

1
ε
ż

ε

P˚
t p0q

dt

t

“

1
ε
ż

ε

0
dt

t

“ 0,

and therefore
ś

b

˚1 “ 0.

Lemma 16.12. Let b P BMO, then
ś

b

is a bounded operator on L2pRnq.

Proof. We want to show that
||
ź

b

f ||2 À ||f ||2

for any f P L2, so it suffices to show that
||
ź

b,ε

f ||2 À ||f ||2

for any f P L2. For any f, g P L2pRnq, we find that the inner product

ˇ

ˇ

ˇ

ˇ

ˇ

〈
ź

b,ε

f, g

〉ˇ

ˇ

ˇ

ˇ

ˇ

“

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

1
ε
ż

ε

ż

Rn

QtpQtbPtfqpxqgpxq
dt

t

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

“

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

1
ε
ż

ε

ż

Rn

QtbpxqPtfpxqQ˚
t pḡqpxq

dxdt

t

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ď

¨

˚

˝

1
ε
ż

ε

ż

Rn

|Ptfpxq|2|Qtbpxq|2
dxdt

2

˛

‹

‚

1
2
¨

˚

˝

1
ε
ż

ε

ż

Rn

|Q˚
t pḡqpxq|2

dxdt

2

˛

‹

‚

1
2

by Cauchy-Schwartz

À ||g||2

¨

˝

8
ż

0

ż

Rn

|Ptfpxq|2|Qtbpxq|2
dxdt

2

˛

‚

1
2

.

Set dµ “ |Qtbpxq|2 dxdt
t , then since b P BMO, we know dµ is a Carleson measure. By Theorem 15.2, we have

ˇ

ˇ

ˇ

ˇ

ˇ

〈
ź

b,ε

f, g

〉ˇ

ˇ

ˇ

ˇ

ˇ

À ||g||2

¨

˝

ż

Rn

sup
py,tqPΓpxq

|Ptfpyq|2dx

˛

‚

1
2

À ||g||2||Mf ||2 from homework problem
À ||f ||2||g||2.

Lemma 16.13. Let b P BMO, then
ś

b

is a Calderón-Zygmund singular integral operator.
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We will use these results to finish the proof of if part of Theorem 16.1.

Proof of if part of Theorem 16.1. We have T1 “ b1 and T˚1 “ b2 for b1, b2 P BMO. Define T0 “ T ´
ś

b1

´
ś

b2

˚, then

T01 “ T1 ´
ź

b1

1 ´
ź

b2

˚1

“ b1 ´ b1 ´ 0

“ 0

and

T˚
0 1 “ b2 ´ b2

“ 0.

By Lemma 16.13, T0 is a difference of Calderón-Zygmund singular integral operator, then it is also a Calderón-Zygmund
singular integral operator, which satisfies the WBP. By the simple version of T1 theorem, c.f., Theorem 13.6, we know T0
extends to a bounded operator on L2, and now T “ T0 `

ś

b1

`
ś

b2

˚ is a sum of bounded operators on L2, therefore T is

also a bounded operator on L2.

Proof of Lemma 16.13. Let

Ktpx, yq “
1

t2n

ż

Rn

ψp
x´ z

t
qφp

z ´ y

t
qQtbpzqdz

then
QtpQtbPtfqpxq “

ż

Rn

Ktpx, yqfpyqdy.

By Fubini theorem,

ź

b,ε

fpxq “

ż

Rn

1
ε
ż

ε

Ktpx, yq
dt

t
fpyqdy,

therefore the kernel of
ś

b

is

Kpx, yq “ lim
εÑ0

1
ε
ż

ε

Ktpx, yq
dt

t
.

We now need to show that Kpx, yq is a Calderón-Zygmund singular integral operator. This follows from Claim 16.15.

Claim 16.14. We have
||Qtb||8 À ||b||BMO

and
||∇xQtb||8 À

1

t
||b||BMO.

Proof. We will prove the first inequality, and the second inequality can be proven in a similar fashion. We note that

Qtbpxq “

ż

Rn

ψtpx´ yqpbpyq ´ bQpx,tqqdy,

where Qpx, tq is a cube centered at x of side length t. Therefore,

Qtbpxq À

ż

1

tn
´

1 `
|x´y|

t

¯n`1 |bpyq ´ bQpx,tq|dy
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“

ż

2Qpx,tq

1

tn
´

1 `
|x´y|

t

¯n`1 |bpyq ´ bQpx,tq|dy `

ż

p2Qpx,tqqc

1

tn
´

1 `
|x´y|

t

¯n`1 |bpyq ´ bQpx,tq|dy

À
1

|Qpx, tq|

ż

2Qpx,tq

|bpyq ´ bQpx,tq|dy `

ż

p2Qpx,tqqc

t|bpyq ´ bQpx,tq|

|y ´ x|n`1
dy

À ||b||BMO ` ||b||BMO by Problem 37.

■

Claim 16.15.

Kpx, yq À
||b||BMO

|x´ y|n

and

|∇Kpx, yq| À
||b||BMO

|x´ y|n`1
.

Subproof. The two inequalities follow from the two inequalities in Claim 16.14, respectively. ■
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17 Fourier Restriction Problems

Recall we have
yfdσ “

ż

Sn´1

fpξqe´2πix¨ξdσpξq

where we may take ´2πix instead of the usual 2πix, and we may then restrict ξ to a hypersurface of Sn´1 that satisfies
nice properties.

Conjecture 17.1 (Stein). Suppose f is integrable, then for what kind of function f can we guarantee the integrability of
the Fourier transform of the restricted function?

Remark 17.2 (Kakeya Needle Problem). Suppose we have a unit line segment on a plane, and we move the segment con-
tinuously on the plane until it points towards the opposite direction. What is the smallest possible area covered by the
continuous movement of the segment? In fact, there is no such minimal area: the area can be arbitrary small. This is due
to the existence of Besicovitch sets BpRnq. This is a set of Lebesgue measure zero, but it contains unit line segments that
point in each direction. There are at least two known constructions of the Besicovitch set.

• One construction is to decompose the space into small triangles, and squeeze all triangles altogether, then these
small triangles may point in all possible directions.

• Another construction is given by Cantor sets. Consider two parallel line segments with separation distance approx-
imately 1, then we construct the Cantor sets in each line segment, and then connecting them together in some way,
we do get a Besicovitch set, then one may verify that the Cantor sets point in all possible directions. In particular,
the Cantor set has Lebesgue measure zero, therefore we are done.

We may then ask about the Hausdorff dimension of the Besicovitch set.

Conjecture 17.3 (Kakeya Conjecture). The Hausdorff dimension dimHpBpRnqq “ n.

It turns out that this conjecture is related to the question in Conjecture 17.1. Moreover, we may restate Conjecture 17.1
in terms of concepts in number theory. In particular, Conjecture 17.4 implies Conjecture 17.3.

Conjecture 17.4 (Stein, Fourier Restriction Conjecture). Let aj P C be with |aj | “ 1 for j “ 1, . . . ,M „ Rn´1, and let

F pxq “
M
ř

j“1

aje
2πiωj ¨x for any x P Rn, where the frequencies ωj ’s are evenly distributed on the sphere

"

ξ P Rn : |ξ| “

b

ξ21 ` ¨ ¨ ¨ ` ξ2n “ R

*

with separation „ 1, i.e., comparable to 1. Then
¨

˚

˝

ż

r0,1sn

|F pxq|pdx

˛

‹

‚

1
p

À M
1
2 `R´ n

pM (17.5)

for 2 ď p ă 8.

The most interesting case is when we have the critical points, i.e., when M
1
2 „ R´ n

pM , which is implied by setting

p “ pc :“
2n

n´ 1
ą 2.

Therefore, we get an estimation
¨

˚

˝

ż

r0,1sn

|F pxq|pc

˛

‹

‚

1
pc

À M
1
2 .

Therefore, Conjecture 17.4 really asks for maximal p such that we get square root consolation. For p “ 2, this is obvious.
However, for p ą 2, especially p “ pc, this is much harder. Again, we may rephrase this question back to Fourier
transform, so we can apply harmonic analysis.
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Remark 17.6. Conjecture 17.4 is solved for n “ 2, but not for n ą 2.

First, we describe a kind of extension operator.

Definition 17.7. For any x “ px1, . . . , xnq P Rn, we define the extension Ef of f to be

Efpxq “

ż

Rn´1

fpξ1, . . . , ξn´1qe2πipξ1x1`¨¨¨`ξn´1xn´1`
?

1´ξ21´¨¨¨´ξ2n´1xnqdξ1 ¨ ¨ ¨ dξn´1.

Here we assume that supppfq Ď Bn´1p0, 1q.

Remark 17.8. The extension operator is the dual of the restriction operator Rf “ yfdσ to the hypersurface of unit sphere
Sn´1.

We may now reform Conjecture 17.4 in terms of a harmonic analysis question, as in Conjecture 17.9.

Conjecture 17.9 (Stein, Fourier Restriction Conjecture). For any R P R, and any p ě 2, we have

||Ef ||LppBnpRqq À

´

R
n
p ´

n´1
2 ` 1

¯

||f ||8.

This ball satisfies some translation invariance, therefore we do not need to specify the center of the ball.

One can show that Conjecture 17.4 and Conjecture 17.9 are equivalent. Here we give the proof for one direction.

Theorem 17.10. Conjecture 17.9 implies Conjecture 17.4.

Proof. By a dilation argument, we note that Equation (17.5) is equivalent to

¨

˚

˝

ż

Bnp0,Rq

ˇ

ˇ

ˇ

ˇ

ˇ

M
ÿ

j“1

aje
2πi

ωj
R ¨x

ˇ

ˇ

ˇ

ˇ

ˇ

p

dx

˛

‹

‚

1
p

À R
n
pM

1
2 `M À R

n
pR

n´1
2 `Rn´1.

We will show that Conjecture 17.9 implies this new inequality, so we need to represent the exponential sums
M
ř

j“1

aje
2πi

ωj
R ¨x

in terms of integrals, using the extension operator. Eventually, Ef «
M
ř

j“1

aje
2πi

ωj
R ¨x.

Note that ωj

R P Sn´1 Ď Rn is a vector. Let y “ py1, . . . , ynq P Rn, so let y˚ “ py1, . . . , yn´1q. For ξ “

pξ1, . . . , ξn´1q, then let

fpξ1, . . . , ξn´1q “

M
ÿ

j“1

ajψ

¨

˝

ξ ´
ω˚

j

R
1
R

˛

‚,

where
ψpyq “ ψpy1, . . . , yn´1q “ ψ1py1q ¨ ¨ ¨ψn´1pyn´1q

where each ψj is a (smooth) bump function supported in r´1, 1s. Therefore, ψ can be thought of as a (smooth) bump

function supported in r´1, 1sn. Therefore, the value of ξ ´
ω˚

j

R is close to 1
R . Now

Efpxq “

M
ÿ

j“1

aj

ż

ψ

¨

˝

ξ ´
ω˚

j

R
1
R

˛

‚e2πipξ1x1`¨¨¨`ξn´1xn´1`
?

1´ξ21´¨¨¨´ξ2n´1xnqdξ1 ¨ ¨ ¨ dξn´1.

To finish the proof rigorously, we need Taylor expansion. The idea being, since this problem is translation invariant, so we
may assume BnpRq is centered at 0, therefore for x P BnpRq, we know |x| ď R. Now, for example, we can rewrite

e2πiξ1x1 “ e
2πi

˜

ξ1´
pω˚

j
q1

R

¸

x1

e2πi
pω˚

j
q1

R x1
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« e2πi
pω˚

j
q1

R x1

by Taylor expansion at 0, then we may replace this for the first n ´ 1 terms in the exponent. Finally, for the last term
b

1 ´ ξ21 ´ ¨ ¨ ¨ ´ ξ2n´1, we replace each ξj by pωjq
˚

R , then we note that

Efpxq «
1

Rn´1

ÿ

j

aje
2πi

ωj
R ¨x,

so we may write
ÿ

j

aje
2πi

ωj
R ¨x « Rn´1Efpxq.

Now we have
¨

˚

˝

ż

Bnp0,Rq

ˇ

ˇ

ˇ

ˇ

ˇ

M
ÿ

j“1

aje
2πi

ωj
R ¨x

ˇ

ˇ

ˇ

ˇ

ˇ

p

dx

˛

‹

‚

1
p

À Rn´1||Ef ||LppBnpRqq À Rn´1
´

R
n
p ´

n´1
2 ` 1

¯

` ||f ||8.

This gives the required bounds.

We now move on to the case where n “ 3. This is the hardest case.

Definition 17.11. For any x P R3, we define

Efpxq “

ż

R2

fpξ1, ξ2qe2πipξ1x1`x2x2`pξ21`ξ22qx3qdξ1dξ2

where supppfq Ď B2p0, 1q. Here the exponential is best understood as φpξ1, ξ2q “ ξ21 ` ξ22 `Opξ1, ξ2q.

Conjecture 17.12. We expect
||Ef ||LppB3pRqq Àε R

ε||f ||8

for any p ě 3 and any ε ą 0.

Theorem 17.13 (Wolff). We have
||Ef ||LppB3pRqq Àε R

ε||f ||8

for any p ě 10
3 .

Remark 17.14. The original proof of Wolff uses a bilinear approach: reduce to the bilinear case and prove that for the
bilinear operator, we do have such (and even better) estimations, where we replace ||f ||8 by ||f ||2. This relies on a
geometric argument.

Remark 17.15.

• The broad-narrow analysis of Bourgain and Guth in [BG11] reproves Theorem 17.13.

• One other related result is the multilinear estimation Theorem 17.19 in [BCT06], which we will use to prove Theo-
rem 17.13.

These results above mostly proved for the case where p ě 3.25. More recent publications, c.f., [WW24], proved results
for p ą 22

7 .

Conjecture 17.16. We have

¨

˚

˝

ż

r0,1sˆr0,1sˆr0, 1
N s

ˇ

ˇ

ˇ

ˇ

ˇ

ÿ

1ďn1,n2ďN

an1,n2
e2πipn1x1`n2x2`pn2

1`n2
2qx3q

ˇ

ˇ

ˇ

ˇ

ˇ

p

dx1dx2dx3

˛

‹

‚

1
p

Àε

$

&

%

N1`ε

N
1
p
, p ď 3

N
2´ 3

p
`ε

N
1
p

, p ą 3
.
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Definition 17.17. Consider f : R2 Ñ C and that f is supported in a cube r´1, 1s ˆ r´1, 1s. We decompose the
contribution of this compact set into congruent sub-cubes τ of length ℓ ! 1. In particular, let τ Ď B2p0, 1q be a
cube (or a ball), then we define

fτ “ f1τ “ fχτ

and that
Efτ “ Epf1τ q.

We define the cap of τ to be
Cappτq “ tpξ1, ξ2, ξ

2
1 ` ξ22q P R3 : pξ1, ξ2q P τu,

which is the lift of the cube τ into a hyperbolic hypersurface. The decomposition of the plane then gives a decomposition
of the hypersurface.

Moreover, let Cpτq “ pc1pτq, c2pτqq be the center of τ . The lifting of Cpτq defines the “center” eτ of the lifting, i.e.,
the unit normal vector to Cappτq at pc1pτq, c2pτq, c21pτq ` c22pτqq.

Definition 17.18. Let τ1, τ2, τ3 be unit cubes in R2 such that

• Cappτ1q, Cappτ2q, and Cappτ3q are disjoint, and

• the wedge product eτ1 ^ eτ2 ^ eτ3 has size |eτ1 ^ eτ2 ^ eτ3 | ě c ą 0 for some constant c. Geometrically, this is
the volume of the parallelogram box generated by vectors eτi ’s.

We then say that τ1, τ2, τ3 are 3-transversal.

Theorem 17.19 ([BCT06]). For any p ě 3, we have
ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

˜

3
ź

j“1

Efτj

¸
1
3

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

LppB3pRqq

Àε,p R
ε

˜

3
ź

j“1

||fτj ||2

¸
1
3

whenever τ1, τ2, τ3 are 3-transversal.

Once we have the 3-transversal condition, then since function f has compact support, having a bound in L2-sense
implies some bound in L8-sense, which eventually gave Theorem 17.13.

Proof of Theorem 17.13. We consider the partition of Q2p0, 1q to cubes τ of size 1
K , then we try to analyze

Efτ pxq “

ż

τ

fpξ1, ξ2qe2πipξ1x1`ξ2x2`pξ21`ξ22qx3qdξ1dξ2.

Claim 17.20. Let BK Ď R3 be a cube of size K , then |Efτ pxq| can be viewed as a constant in BK .

Remark 17.21. This is true in the sense that it behaves like a constant by a duality argument.

Subproof. Without loss of generality, say BK is centered at 0, then for any x P BK , we know that |x| ď K . By definition,
we know that

Efτ pxq “

ż

τ

fpξ1, ξ2qe2πipξ1x1`ξ2x2`pξ21`ξ22qx3qdξ1dξ2.

In particular, pξ1, ξ2q P τ if and only if ξ1 ´ c1pτq P O
`

1
K

˘

and ξ2 ´ c2pτq P O
`

1
K

˘

. Therefore, once we writeEfτ pxq

as

e2πipc1pτqx1`c2pτqx2`pc21pτq`c22pτqqx3

ż

τ

e2πippξ1´c1pτqqx1`pξ2´c2pτqqx2`pξ21`ξ22´c21pτq´c22pτqqx3qfpξ1, ξ2qdξ1dξ2,

we note that pξ1 ´ c1pτqqx1 P Op1q, pξ2 ´ c2pτqqx2 P Op1q, and pξ21 ` ξ22 ´ c21pτq ´ c22pτqqx3 P Op1q. Eventually, this
may be approximated as 1. ■
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Remark 17.22. To finish the proof of Claim 17.20 rigorously, one may either apply Bernstein inequality as in [Wol03], or
take the expansion upon the exponential term, which gives an reverse-Hölder-type inequality.

We now proceed by broad-narrow analysis. Recall that we decomposed the compact set r´1, 1sˆr´1, 1s into sub-cube
τ ’s of length 1

K . Therefore,
Efpxq “

ÿ

τ

Efτ pxq.

In the dual space, we may construct a decomposition in terms ofK-cubeBK ’s in R3. We first consider the local property
of this operator Efτ , namely ||Efτ ||LppBKq for each τ . By Claim 17.20, we have

||Efτ ||LppBKq „ |BK |
1
p ||Efτ ||L8pBKq

changing the Lp-norm to L8-norm. Now define τ˚’s to be characterized as the collection of 1
K -cubes in the collection of

τ ’s, such that
C˚ :“ ||Efτ˚ ||L8pBKq “ max

1
K -cube τ

||Efτ ||L8pBKq.

Here we usually choose K « Rε2 , and let K1 “ Kε ! K . We discuss two cases.

• This is usually called the Narrow Case, i.e., the non-transverse case. Here we suppose |Cpτq ´ Cpτ˚q| ą 10
K1

, then

||Ef ||L8pBKq ď C˚

K10 ! C˚. In particular, locally the contribution of Efτ of Ef comes from a small portion
of τ ’s within the support of f , so we only have to prove the case for positive radius ρ using a parabolic rescaling
argument: once we prove Lemma 17.23, then by mathematical induction we know the same result is true for ρ “ 0,
and we are done.

Lemma 17.23. Let τ be a cube of size ρ ! 1, then ||Efτ ||LppB3
Rq À ρ2´ 4

pCpρRq||f ||8, where we define CpRq “

sup
f :||f ||8“1

||Ef ||
LppB3

R
q

||f ||8
.

Subproof. Let us write

Efτ pxq “

ż

tpξ1,ξ2q:|pξ1,ξ2q´Cpτq|ăρu

fpξ1, ξ2qe2πipξ1x1`ξ2x2`pξ21`ξ22qx3qdξ1dξ2.

where we replace the cube by the ball. By a change of variables, we redefine pξ1, ξ2q by pξ1, ξ2q ` Cpτq, then the
equality above is the same as

ż

tpξ1,ξ2q:
?

ξ21`ξ22ăρu

fpξ1 ` c1pτq, ξ2 ` c2pτqqe2πipξ1px1`2c1pτqx3q`ξ2px2`2c2pτqx3q`pξ21`ξ22qx3qdξ1dξ2.

We then scale ξ1 and ξ2 by ρ, then the dilation gives

ρ2
ż

tpξ1,ξ2q:
?

ξ21`ξ22ă1u

fpρξ1 ` c1pτq, ρξ2 ` c2pτqqe2πipρξ1px1`2c1pτqx3q`ρξ2px2`2c2pτqx3q`ρ2
pξ21`ξ22qx3qdξ1dξ2.

By defining f̃pξ1, ξ2q “ fpρξ1 ` c1pτq, ρξ2 ` c2pτqq, then we get

ρ2Ef̃pρpx1 ` 2c1pτqx3q, ρpx2 ` 2c2pτqx3q, ρ2x3q

We rescale ρpx1 ` 2c1pτqx3q as x1, ρpx2 ` 2c2pτqx3q as x2, and ρ2x3 as x3, then this gives

¨

˚

˝

ż

B3pRq

|Efτ |p

˛

‹

‚

1
p

“
ρ2

ρ
4
p

¨

˚

˚

˝

ż

I
p1q

ρR ˆI
p2q

ρR I
p3q

ρ2R
ĎB3pρRq

|Ef̃ |p

˛

‹

‹

‚

1
p
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À
ρ2

ρ
4
p

CpρRq||f ||8

as desired. ■

Lemma 17.24. We have
¨

˝

ÿ

BKoccurring in Narrow Case

ż

BK

|Ef |p

˛

‚

1
p

À

ˆ

K
´2p1´ 3

p q
1 C

ˆ

R

K1

˙

`K´10` 4
pC

ˆ

R

K

˙˙

||f ||8.

Once we know this, then for p “ 10
3 , we have

K
´2

ˆ

1´ 3
10
3

˙

1 “ K
´ 1

5
1 ! 1

and
K

´10` 4
10
3 “ K´8 ! 1

then C
´

R
K1

¯

ď C
´

R
K1

¯ε

and C
`

R
K

˘

ď C
`

R
K

˘ε
, then we proceed by mathematical induction we are done.

Consider any x P BK where the Narrow case occurs, then

|Efpxq| “

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ÿ

τ

ż

τ

fpξ1, ξ2qe2πipξ1x1`ξ2x2`pξ21`ξ22qx3qdξ1dξ2

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

“

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ÿ

τ

ż

τ :|Cpτq´Cpτ˚q|ą 10
K1

fpξ1, ξ2qe2πipξ1x1`ξ2x2`pξ21`ξ22qx3qdξ1dξ2

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

`

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ÿ

τ

ż

τ :|Cpτq´Cpτ˚q|ă 10
K1

fpξ1, ξ2qe2πipξ1x1`ξ2x2`pξ21`ξ22qx3qdξ1dξ2

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

À K´10C˚K2 `

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ż

1
K1

-cube τ

fpξ1, ξ2qe2πipξ1x1`ξ2x2`pξ21`ξ22qx3qdξ1dξ2

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

.

Therefore,

|Efpxq|p À K´8p
ÿ

BK

||Efτ˚ ||
p
L8pBKq

`
ÿ

τ 1
K1

ż

B3pRq

|Efτ 1
K1

|p

À K´8p
ÿ

BK

1

|BK |

ż

BK

|Efτ˚ |p `
ÿ

BK

||Efτ 1
K1

||
p
LppB3pRqq

À K´8pK´2p`4Cp

ˆ

R

K

˙

||f ||p8 `K2
1K

´2p`4
1 Cp

ˆ

R

K1

˙

||f ||p8 by Lemma 17.23

• This is usually called the Broad Case, where we assume there exists some 1
K -cube τ˚˚ with |Cpτ˚˚q ´Cpτq| ą 10

K1

and ||Efτ˚˚ ||L8pBKq ą K´10C˚. This is usually split into two subcases: the 2-transverse case, which we prove
by a geometric argument, and the 3-transverse case, which requires a multilinear estimation given in [BCT06].

We know have two 1
K1

-cubes, which contain τ˚ and τ˚˚, respectively, and that theses cubes are contained in stripes
of width 1

K . In particular, there is a line ℓpτ˚, τ˚˚q that passes through the center of both τ˚ and τ˚˚.
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Subcase 1: this is the 3-transverse case, which means there exists some τ withdistpτ, ℓpτ˚, τ˚˚qq ą 10
K and that ||Efτ ||L8pBKq ą

K´10C˚. Set τ1 “ τ˚, τ2 “ τ˚˚, and τ3 “ τ , then

¨

˝

ÿ

BK in subcase 1

ż

BK

|
ÿ

τ

Efτ |p

˛

‚

1
p

À K12

¨

˝

ÿ

BK

ż

BK

|Efτ1 |
p
3 |Efτ2 |

p
3 |Efτ3 |

p
3

˛

‚

1
p

À K100

¨

˚

˝

ż

B3pRq

˜

3
ź

j“1

|Efτj |
1
3

¸p
˛

‹

‚

1
p

À K100

˜

3
ź

j“1

||fτj ||2

¸
1
3

À Rε||f ||8

which is given by the trilinear estimations.

Subcase 2: this is the 2-transverse case, so for any τ with distpτ, ℓpτ˚, τ˚˚qq ą 10
K , we have ||Efτ ||L8pBKq ď K´10C˚.

This can be proven by

Lemma 17.25.
¨

˝

ÿ

BK in subcase 2

ż

BK

|Ef |p

˛

‚

1
p

À K4
1K

5
p ´ 3

2C

ˆ

R

K

˙

||f ||8

for any 3 ă p ă 4 for any function f with compact support.

Again, this allows us to finish the proof by mathematical induction, so we need 5
p ´ 3

2 ! 1, which thereby
corresponds to p ě 3.
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